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Topology preserving warping of 3-D binary
Images according to continuous one-to-one

mappings

S. Faisanh, N. Passat, V. Noblet, R. Chabrier, C. Meyer

Abstract

The estimation of one-to-one mappings is one of the moshanely studied topics in the research
field of non-rigid registration. Although the computatiof such mappings can now be performed
accurately and efficiently, the solutions for using thermhia tontext of binary image deformation is much
less satisfactory. In particular, warping a binary imagéhvguch transformations may alter its discrete
topological properties if common resampling strategies @nsidered. In order to deal with this issue,
this article proposes a method for warping such images dgwpto continuous and bijective mappings,
while preserving their discrete topological properties. their homotopy type). Results obtained in the

context of atlas-based segmentation of complex anatorsicattures highlight the advantages of the

proposed approach.

Index Terms

Binary image warping, discrete topology preservation,-timene mapping, simple points and skull
segmentation.
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. INTRODUCTION
A. Motivation

During the past two decades, many methods have been propmsenh rigidly register 3D images,
enabling the estimation of deformation fields, that modeldleometrical variations between two images
presenting a similar semantics. An intensive effort hasnbdevoted to develop registration methods
yielding deformation fields that are one-to-one mappingss tpreserving the topology of the warped
image in the continuous domain (see [1] for a survey). Ragtity in the context of inter-subject medical
image registration, such constraint appears to be relesiang, in the continuous domain, anatomical
structures have the same topology for any individual (astldar non-pathological cases). Topology
preservation ensures that connected structures remammectd and that the neighborhood relationship
between structures is maintained. It also prevents theamppee or disappearance of new or existing
structures. Notice that the existing topology preserviegistration methods are generally developed in
the “continuous” space of the support of the image. @ part ofR?).

However, applying such deformation fields to warmliacreteimage {.e. defined on a part ofZ?)
may raise some problems, especially for images defined wlithieed number of values, such as binary
or label images. For instance, in the contexiatdfs-based segmentatiowarping a predefined atlas of
anatomical structures according to a deformation fieldehatures topology preservation in the continuous
domain may not guarantee that the discrete topology of thipedatias is preserved. Consequently, all the
“good” properties induced by such deformation fields.(no splitting, no merging, etc.) may definitely
be lost when actually applied on binary or label images.

Applying such deformation fields in a “correct” walg. by guaranteeing that the topology of the
warped discrete objects is not altered, is of precious usedweeral purposes including (but not limited

to):

visualisation of anatomical structures: topology erroey/rgenerate visualisation artifactsg.when

generating a mesh model of a surface;

« positioning of an initial model as the preliminary step ofopdlogy preserving deformable model
method;

« analysis of segmented structures: topological detailsh fias holes or cavities can actually be used
as landmarks;

« post-processing of segmented structures: for instanee—thassical- computation of differential

properties of a cortical surface will be incorrect if thisfsice is not actually a manifold.
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In such a crucial context, it is not possible to consider daad interpolation methods (which provide
no topological guarantee) to perform discrete object waygiased on topology preserving deformation

fields. More sophisticated processes, such as the one gw@oghis article, are then necessary.

B. Problem statement

Image warping is the process of applying a geometric transftion to a discrete image. Two different
ways can be considered to define a transformation for warpmgnage to obtain an imagd’. We
can consider either the transformation that associateedoh point ofM its coordinates inl" or the
transformation that associates for each point'afs coordinates inV/, the two transformations being the
inverse one of each other in case of one-to-one mapping. &tend formulation is used in this paper.
This formulation is generally preferred since the first oneuld require the use of irregular sample
interpolation methods, whereas the second one can relyamatd interpolation techniques. Given a
discrete imagéeV/ and a continuous transformatidn the purpose is to compute the warped imdgeso
that for each voxeb we haveT'(v) = M o h(v) = M (h(v)). The main problem is that, in the general
case,h(v) does not necessarily correspond with “grid points”Mf In such conditions) o h is not
correctly defined. Some interpolation techniques are teguoired to consider eontinuousrepresentation
of image M which has the same values as the sampled data at the gritbleétxact interpolation).

Although several image interpolation techniques (linearic) [2] have been proposed for gray-
level images, no specific attention has been paid to the dabaary images. In particular, common
interpolation techniques, except the nearest neighbergntation, do not guarantee the resampled image
T = M o h to remain a binary one. To circumvent this limitation, it issgible to perform a post-
processing thresholding operation to get a binary imagdoftimately, warping a discrete image
according to a continuous and bijectiviee( topology-preserving) transformatidn with such common
interpolation techniques may fail in preserving discretetopological propertied,e., M andT may not
have the same homotopy type. As an illustration, a syntt&ficbinary image, composed of one circle
(seeM in Fig. 1), has been warped according to a one-to-one magpim@ffine transformation with
a positive determinant) using the nearest neighbor intaetipn. The topology of the resulting warped
imageT ™) is strongly altered: the hole df/ has been fused with the infinite background component of

the image, while the circle has been split into several disected components (see right side of Fig. 1).

Two main strategies can be considered to warp a binary imdgeccording to a one-to-one mapping

h, leading to a solutioW” = M o h topologically equivalent ta\/. The first strategy is to compute the
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Fig. 1. Topological alterations induced by the nearestht®g interpolation. The binary imagel is composed of one circle.
The resultT™) of the warping of M according to an affine transformation using the nearesthbeiginterpolation is not

topologically equivalent ta\/ (see text).

binary imageT" by using a standard interpolation method with a post-psingsthresholding operation,
and to automatically correct the topology Bfa posteriori However, nearly all the methods devoted to
topology correction can only be applied to simply conneatbcts, in particular, full or hollow spheres
[31, [4], [5], [6], [7], [8], [9], with applications to the sgmentation of anatomical structures assumed to
present such non-complex topologiesgy cortex or vascular trees). The correction of objects priasgn
more complex topologies is still an open problensid. To the best of our knowledge, the most general
methods proposed in the literature are for hole closing [Wdjich enables to choose the size of the
holes to be closed), and a dual approach for holes retriddjl (which enables to choose the number
and size of the holes to retrieve).

An alternative strategy consists in preserving the topokigproperties of the object during the whole
warping process, thus guaranteeing the initial and finadaibjto be topologically equivalent. The basic
idea is to start fron¥" = M, and to modifyT" in a homotopy-preserving fashion unfilis geometrically
as close as possible fd o h.

This paradigm based on the modification of a binary image sewing its discrete topology is
generally considered in the context of segmentation. Segmsentation methods [12], [13], [14], [15],
[16] often rely on the concept &f-D simple points [17],.e. points whose addition or removal to/from
a binary object does not alter its topology and in particylegserves its homotopy type. Such points
are added and/or removed to/from an initial model, having desired topology w.r.t. the structure
to segment, the choice of the points being generally guideddmstraints related to anatomical and/or
physical properties of the structure. Note that, since Empints can be locally characterized in constant
time [18], such methods are often of low algorithmic compiexVe can notice finally that few methods
also propose to use other topological modeling framewouk$ @s cubical complexes (seqy.[19]).

To the best of our knowledge, the only method tackling theblenm of warping a binary image by
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preserving its discrete topology has been proposed in [0te precisely, this approach is devoted to
label images. However, we will only consider it in the cortekbinary image warping. A justification of
this restriction is provided in Section V. The basic ideald$ tmethod is to modify the initial imag&/
in a homotopy-preserving fashion by “moving” simple poiimghe direction provided by the continuous
deformation fieldh. This continuous one-to-one mapping is approximated bygdalihomeomorphism
hg, Which is directly estimated from the movement of simplent®i The algorithm ends when the
residual error for each voxel verifies ||h(v) — hq(v)|| < 1 (i.e. the “size” of a voxel) or when no more
voxel can be moved. Although this method ensures topologgegwation, it may fail to converge to the
geometrically desired solution. Indeed, in the context @ibtissue segmentation warping, [20] reports
maximal error higher thag0 voxels between the estimated digital homeomorphism and@ahé&nuous
transformation. We also highlight such problems of congagg in experiments presented in Section IIl.

This article presents a new strategy to tackle this probletmpse preliminary results have been
published in [21]. We propose here to formulate the probldmwarping a binary image according
to a continuous deformation field in an optimization framewduch framework requires to define a
cost function, that should be minimal for the desired sohjtiand an optimization strategy, that should
converge to the global minimum. Similarly to [20], we use anayical scheme based on the addition
and/or removal of simple points. This scheme is guided byptieposed cost function, which is minimal
when the estimated discrete images as close as possible fd o h. An efficient optimization strategy
has also been proposed. This framework is more compreteetisan the one proposed in [20], which
lacks of formalization, thus being difficult to extend or tmgrove. Moreover, directly estimating the
warped imagel’ rather than the corresponding digital homeomorphigiras in [20] enables to reduce
the dimensionality of the search space (estimatipgequires 3 times more parameters), and thus may
be a more efficient strategy, that may be less likely caughio@al minima. Notice that, when the
warped imagédl” is successfully estimated, a digital homeomorphigmthat approximates at bekt can
straightforwardly be obtained by associating to each voxel T the voxelv’ of M that belongs to the
same connected componentwfnd that is as close as possiblefia).

The article is organized as follows. In Section Il, the prege method is described. Section Il
summarizes experimental results in the context of atlagthesegmentation of a complex anatomical

structure, namely the skull. Discussions and conclusioapeovided in Sections IV and V, respectively.
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[I. METHOD

Let B, EL c R3. Let EM, ET C 73 such thatE) = EY n7Z? and EL = EL nZ3. The setsE)!
and E% are devoted to provide a support for digital images, whike SbtsE]fy and EHZQ are parts of the
Euclidean space devoted to provide a support for their @sgaccontinuous analogues (see Subsection
[I-A).

The process of warping a binary imagé : E% — {0,1} according to a continuous and bijective
transformation: : Ef — E}! to obtain a warped imag€ : E7 — {0,1} amounts to find, among the
set of binary images topologically equivalent)(to —i.e. having the same homotopy type as#, the

optimal imageT’, that minimizes the following constrained optimizatioroplem:

A

T = arg jgilAI}[ d(T,M,h) , @

whered(T, M, h) is a distance betwe€ehi and M o h. However, as it has been mentioned in Section |,
Moh is not correctly defined and some interpolation techniquesteen required to evaluatecantinuous
image Mg : EX — {0, 1} verifying the constraint{ Mg )z = M. Such an imagé/r enables to define
Mg oh, and then to computé/ o i as being(Mg o k) zr. Consequentlyd(T', M, h) is in fact a distance
betweenI’ and Mg o h.

The basic idea to solve this constrained optimization gnobis the following:T is first initialized with
M and is then modified by adding and removing simple points abtthminimize the distance between
T and the continuous warped imagé; o h. To avoid convergence to local minima, the problem is solved
in an incremental way by considering a decomposition of thesformation: into small displacements
fields. A global overview of the method is provided in Algarit 1.

After preliminary considerations in Subsection II-A r@dtto the relation between the continuous and
the discrete representations of an image, we introduceubsé&tion [I-B, a convenient distande In
Subsection 1I-C, we explain how to constrdihto remain topologically equivalent td/ during the

deformation process. Finally, the optimization strateggétailed in Subsection II-D.

A. From discrete to continuous representation

In the proposed framework, we associate to any discretenbimaage X : ExX — {0,1} (with
EX C Z?), the continuousbinary imageXg : EX — {0,1} obtained by associating to each point
z = (21,72, 73) € B the unit cubical cellz; —1/2,z1 +1/2] X [z2 — 1/2, 22+ 1/2] X [x3 — 1/2, 23 +
1/2] C Eg. These cubical cells being closed sets, the boundarieseotdtinuous objects ok

associated to those df also belong to these objects (which are then closed setsAcodrding to this
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(classical) discrete/continuous correspondence, théemus binary image&X has the same topology as
the discrete binary imag&, considered in 426, 6)-adjacency frameworki.g. the 26-adjacency for the
“object part” of X, and the6-adjacency for the “background part”) [22]. TH®6, 6)-adjacency is used
throughout the paper. Notice however that the methodcddd@iamework is —by definition— not sensitive
to the adjacency duality. Indeed, warping a binary imagagishe (6,26)-adjacency can be obtained
by warping the complement of the binary image (zero beconmesamd one becomes zero) using the
(26, 6)-adjacency. We denote hy[X] (resp.C[XR]) the set of all the connected components (CCs) of
X (resp.Xg), i.e. both object CCs (OCCs) and background CCs (BCCs). Ther¢sexistraightforward
bijection between the CCs @f[Xg] and those ofC'[X], which associates to each connected component
K € C[Xg] its discrete analogue (namelyn E:X) in C[X]. In such conditions, it is possible to consider

the computation of the distanekonly on the continuous representation of the consideredasa

B. Cost function

SinceTr and My are assumed to be topologically equivalent, there existgeation ¢ : C[Tk] —
C[Mg] between the CCs dfr and Mg. We definecx, : E5X — C[Xg] as the function that associates
to each poinw the CC in which it lies.

Letv € EL. The point-to-set distancer, (h(v), Mr) can be defined as:

prhle)Me) = i e b()] @
This represents the distance betwégn) and the CCyp(cr, (v)) of My which is associated to the CC
of Tk containingv. Note that, if¢(cz, (v)) is equal tocag, (h(v)), i.e. if v andh(v) belong to equivalent
CCs of Mr andTg, thenpr, (h(v), Mg) = 0. The computation opr, is illustrated in &2-D case in Fig.
2.
From this point-to-set distance definition, we can deriveetts-set distance betweelr and the

image of Tk by h as:
d(T]R> MRv h) = fveEg{ me(h(U)7 MR)'dU (Z)

~ ZUEEZT pTR(h(U)’MR) (“)

We can notice that the distandé€Tr, Mg, h) may not be defined for a result obtained with the nearest

®3)

neighbor interpolation since its computation requires a-tnone mapping between the CCs oM
and those off’. However, by setting (even if it is not the case) that objesn{s and background points
belong to the same OCC, and to the same BCC, respectivelseshé obtained with the nearest neighbor

interpolation enables to vanish the cost function under@pmation of Eq. 3{).
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Mg Tr
% pra(h(v1), Mg) = a
a p1a(h(v2), M) =0
oy 4 o1 (h(vs), Mg) = 0
= pra(h(va), M) = ¢
_ b pra(h(vs), Mg) = 0
ch pra(h(vs), Mg) = b

second object
connected component

7 first object Q
?Aconnected component AR

D background
connected component
Fig. 2.
pri (h(v2), Mr) = 0 sincevz andh(v2) belong to equivalent CCs. However, singebelongs to the second OCC B whereas
h(ve) belongs to the BCC of\fg, we havepr;, (h(vs), Mr) = b, namely, the distance betweérfvs) and the second OCC of
M.

Computation ofpr, (h(.), Mr) for 6 points. The imagé\/r is composed of two OCCs and one BCC. For instance,

@ @ @ @ @ Object sample } of M
@) O Background sample
@/ KOJ G) 6) V/A Object continuous representation
of M,
O O D Background continuous representation } ’
@/ GD SOPtCD\C%L (v<)2> @ Sample of chamfer distance map C DM (s)
© © CDM(h(v)) = minsenynwy CDM(s) + ||h(v) — s]|

CDM (h(v)) =14 ||h(v) — soptl|

Fig. 3.
Notice that the chamfer distance map is computed on a gnilated by a vectofl /2, 1/2] with respect to the sampling grid

Evaluation of the chamfer distance ma@@ M at a non-discrete positioh(v) (in 2D case for the sake of clarity).

of image M, so thatC DM (s) corresponds to the distance toward the surface of the eantérepresentatiof/g.

The distancel(Tr, Mg, h) does not exactly correspond to the distance betwedgre 2 and T but
actually to the distance betweéfr andTkoh~'. This choice is motivated by the fact that the computation
of pr, is done using distance maps My. As My does not evolve, the distance maps only need to be
computed once for each CC. It would not be the case by comsgdardistance betwe€fz and Mg o h
since the distance maps should have been comput@g end thus should have been updated whenever
Tr is modified during the transformation scheme.

The term pr, (h(v), Mg) is approximated by considering the chamfer distance map/irto the
CC ¢(cr,(v)) since it provides a very satisfying approximation of the lilien distance map with
a very low algorithmic cost. Evaluation of the chamfer dista map ¢ DM) at a non-discrete position
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h(v) is then done as follows (see Fig. 3): if{v) does not belong ta@(cr, (v)), CDM(h(v)) is set
to minge s (h(w)) CDM (s) + [|h(v) — s||, Ng(h(v)) being the 8 nearest neighbor voxels /dfv), else
CDM (h(v)) is set to0. Notice that the chamfer distance map should be computedutigrin order to
represent distance to the boundaries of the continuous @anto the discrete C@(cy, (v)) N B,
One solution is to compute the chamfer map on a grid whosetpaire located on the surface of the
CCs of Mg. Such a grid can be obtained by translating the former ona fitee vector[1/2,1/2,1/2]

(see Fig. 3). Notice that the chamfer distance maps needtortlg computed once for each CC.

C. Topology handling

The cost function has been defined from the continuous reptaton of the images. However, we
consider hereafter only their discrete representatiossnAhe continuous case, we denotecky: £ —
C[X] the function that associates to each pairthe CC in which it lies.

To constrainl” to remain topologically equivalent tof during the deformation process,is initialized
to M and is then modified by iterative removal/addition of simpéents. Changing the value of a simple
point v in T requires to determine its new corresponding CC to compudectst function. This can
be done unambiguously, sineeis a simple point, and is then adjacent to exactly one OCCh@26-
neighborhood) and one BCC (in tlteneighborhood). For instance, in Fig. 2, if the value of tirapse
point v; of T' is modified, the CC associated t9 will be the first OCC {r(v;) will then be modified
in consequence). The functian- is stored and updated throughout the algorithm.

The value of a simple point ifi' is modified only if it decreases the cost function. To this ,ehds

sufficient to compute, for each simple poimtthe “benefit” to modify its value. This benefit is defined

by:
b(U, T> MR7 h) = d(TRa M]Ra h) - d(Tﬂlﬁv M]Ra h)

= pr.(h(v), Mr) — pry(h(v), Mz)

whereT” is the image obtained frori by modifying the value ab.

(4)

An important property of the benefit function is that, whendifiging a simple point in T' to obtain
a new imagel”, we have:

b($7T>MR7h) = b(l’,T’,MR,h) ) (5)
for all simple pointsz # v of T"and7”, and

b(v, T, Mg, h) = —b(v, T, Mg, h) . (6)
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Consequently, when changing the valueloft v, there is no need to update the benefit functidior
points which are simple in both imagd% and 7. Notice that the benefit functiot(v, T, Mg, h) can
only be evaluated for simple pointsof 7" since its computation requires to change the value at voxel
v. In particular, ifv were not a simple poinf]” and7T" would possibly not have the same topology, then

it may be impossible to computer; (h(v), Mg) sinceé(cz(v)) may not be defined unambiguously.

D. Optimization strategy

The purpose of the optimization strategy is to find an imagat minimizes the cost function (Eq.
3) while being topologically equivalent td/. Starting fromT = M, T is then modified by iterative
removal/addition of simple pointg” is also constrained to remain topologically equivalenfifoduring
the optimization algorithm. Moreover, in order to minimitiee cost function,.e. to converge to a
geometrically desired solution, the optimization strgtegnsists in iteratively modifying the value @f
at the simple point of highest benefituntil convergence. The implementation is based on an oddere
list £ which contains all simple points df' characterized by a positive benefit value.vlf denotes
the “first” point of £, i.e. the simple point ofl" of highest benefit, the value &f at vy is modified
(T'(vg) = 1 —T(vg)). The ordered list has then to be updated accordingly. Dugqto6, vy must be
removed from£L. Moreover, since there is no need to update the benefit umdtir points which are
simple in both imaged,e., for the images obtained before and after the modificatiom 4Eq. 5), only
points which became simple or non-simple after the moditicaat vy have to be considered to update
L. Modifying the value ofT" at vg may only change the status of the simple points which are én th
26-neighborhood ofyy: points which were not simple and which become simple musadied in. if
they have a positive benefit value whereas points which wer& and which become non-simple must
be removed from_. The algorithm ends when is empty,i.e. when all points are non-simple or have
a non-positive benefit value. Unfortunately, this strategffers from some limitations which led us to
propose two major improvements.

A first limitation of the method is illustrated in Fig. 4. To meerge to the desired result’ (global
minimum) from the current imag#’, the label ofv, has first to be changed to obtdii. 7”7 can then
be obtained by modifying the label af. However, the process may fail to convergeTtt if the first
modification increases the cost functidii«@, 7', Mr, h) < 0), leading to refuse this operation, whereas
both modifications may decrease the cost functigni, 7’, Mg, h) + b(ve, T, Mg, h) > 0.

In order to avoid such deadlock situations, we authorize ghigwise —topology-preserving— value

modification of two neighbor points; andwvs, provided that it decreases the cost function. This process
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V2

V1 _

(a) (b) ()

Fig. 4. lllustration of a deadlock situation justifying thisefulness of pairwise topology-preserving modificatisge(text).

is achieved only wherC is empty, namely, when there is no more simple point with fpesibenefit.
Under this hypothesis, it can be proven that such voxeland v, can be found by considering only
non-simple points; verifying pr, (h(v1), Mg) > 0. For such a poinb;, every simple pointsy in its
neighborhood are considered as potential candidates fowipa modification. Each of these voxels is
temporarily changed to obtaifi’. Only voxelsv, that enablev; to become a simple point i’ are
retained. The modification of the values at voxejsandwv, is then performed if it actually reduces the
cost function,i.e. if b(vy,T', Mg, h) + b(ve, T, Mg, h) > 0. If several pointsu, verify these conditions,
the voxel which permits to decrease at best the cost funiti@mosen. This process may generate new
simple points in the neighborhood of the involved pointsaldimg to keep deforming the current image
by “classical” simple point modification.

A second improvement aims at avoiding convergence to lodaihma, which might happen especially

with “large” displacements. The basic idea is to perforrmgfarmation in an incremental way by

consideringV + 1 intermediate transformations(?, 1", ..., (™) computed fromk such that:
h© = 1d
Vi€ [0,N —1], Yo € EL, AU (v) — AW (v)| < € (7)
AN =h

thus leading to small displacements. The optimization sehdescribed above is achieved by considering
sequentiallyr™, L@, ... h(N). These transformations enable to guide the discrete dymmiocess

to the desired solution. The smalleiis, the more the dynamical process is guided, and the béitter t
convergence properties of the algorithm are. However, itoisworth using too small values fersince
the dynamical process is discrete. In the experiment&s been set t0.5 which has been shown to
be a relevant choice at the sight of the results reported bsé&ation IlI-C investigating the influence of

e. An easy way to estimate intermediate transformatibfs (0 < i < N) verifying Eq. 7 is to use the
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following linear decomposition:
Vo € BY h@D(v) = v + %(h(v) — ), 8)

where N is the smallest integer such that: > max,cgr [[h(v) — v]|/e.

A global overview of the method is given in Algorithm 1. Nai@inally that, since the distance between
T and M o h is enforced to decrease across the iterations, and since dhe a finite number of voxels
(and consequently a finite number of binary images), thequoe is ensured to converge. Unfortunately,
there is no guarantee of convergence to the global minimunpesihe optimization scheme might be

trapped in local minima.

Algorithm 1 Topology-preserving warping of binary images.

Input: M (binary image to warp according ), ~ (transformation)

Output: T (warped binary image)

T=M
(h)N | = transformation fields obtained froin
for h* = K to hV) do
L = list of simple points inT" with positive benefib(v, T, Mg, h*)
repeat
while £ # () do
v = point of highest benefit inC
T(v) =1—T(v) I* switch the value ofv in T */
Update£ considering the new status of points in ti&neighborhood of
end while
while there exist a non-simple point verifying pz, (h*(v1), Mg) > 0 and a pointv, whose
pairwise modification enables to decrease the cost funckon
(T(v1), T(v2)) = (1 = T'(v1),1 = T(v2))
Update£ considering the new status of points in ti&neighborhood oy, vy

end while
until £ =10
end for
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[1l. VALIDATION
A. Atlas-based segmentation: application to skull segatant from CT data

One of the main applications of the proposed approach - diagimnes - is atlas-based segmentation
[23]. Such methods rely on a binary model : E2! — {0,1} of given structures of interest which has
been obtained from the preliminary segmentation of an ‘@natal reference” imageR : Eé” — R.
When attempting to detect the same structures of intereatriew imagel : EZ — R, the first step
consists in estimating a transformatian EX — E3! by registeringR onto I. The structures of interest
in I, denotedr’, are then obtained by transformirdd according toh.

Following this methodological framework, skull segmeimtathen consists in deforming a pre-processed
skull templateM associated to a reference CT imaeThe skull template considered in this work has
been created from a CT image according to the following paradigm. First, a segmentatias been
carried out by performing a simple thresholding®nThis first rough segmentation has been modified by
an expert: he removed the parts which did not present angesttéor the desired applications (essentially
structures located on its inferior side), he improved theliggu of the segmentation and checked finally
that the image was composed of one OCC. Then, a hole-clogguogitam [10] was applied in order
(1) to remove ie. to fill) the cavities, andii) to localize the handles, thus enabling to preserve (resp.
to fill) the ones corresponding (resp. not correspondingetevant anatomical structures. It has to be
noticed that the erroneous handles were generally one toiodd and located in thin structures. The
template is composed of one connected component, and haavitg tlowever, it presents ten handles
(its Euler characteristic is equal te9) corresponding to specific anatomical structureg.(foramen
magnum, zygomatic arches, optic canals, external audit@atus, etc., see Fig. 5) leading to a complex
topology. From a geometrical point of view, this templatedsnposed of “surfacic structures” of varying
thicknesses (from several millimeters/voxels) to oneiméter (then leading to one voxel-thin surfaces,
and justifying the use of the6-adjacency for its topological modeling), for instance méee eyes and
the nose.

The segmentation of a new imadeis obtained by warping the templat® according to a3-D
transformationh estimated by registeringz onto I. Since the discrete topological properties of the
segmentation are expected to be the same than thod£ tiie use of a topology-preserving warping is
here of great interest.

It has to be noticed that the proposed segmentation stragegyres(i) to compute a correct deforma-

tion field », and(ii) to correctly deform)/ according toh. In the proposed experiments, the deformation
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Fig. 5. Skull template used in the proposed applicationt, Lrafddle: front and profile view of the template. Right: tdatp
visualized with its topological skeleton.

Eq Eq Eo E3 dmax bo by b
N 100 0 0 0 0 1.33 &+ 0.59 109 £+ 51.0 150 £ 71.0
L 99.8742 0.0865 0.0393 0 0.99 1.06 £ 0.25 24.8 + 8.00 7.20 £+ 2.80
B 99.5248 0.2357 0.2386 0.0009 30.98 1.00 + 0.00 10.0 + 0.00 0.00 + 0.00
P 99.9944 0.0043 0.0013 10—° 1.86 1.00 £ 0.00 10.0 + 0.00 0.00 + 0.00
TABLE |

COMPARISON ACCORDING TO GEOMETRICAL(E;, AND dmax) AND TOPOLOGICAL (b;) CRITERIA OF THE PROPOSED
METHOD (P) WITH THE NEAREST NEIGHBOR INTERPOLATION(N), THE LINEAR INTERPOLATION WITH THRESHOLDING
(L), AND THE METHOD PROPOSED IN20] (B). Eo: RATIO (%) OF POINTSv FOR WHICH pry, (h(v), Mg) = 0, E1 FOR
WHICH 0 < pry, (R(v), Mr) < 0.5, E2 FOR WHICHO0.5 < pr; (h(v), Mr) < 1, AND E3 FOR WHICH pr, (R(v), Mr) > 1 (p13
IS GIVEN IN VOXEL); dmax: MAXIMAL VALUE OF pr;, (h(v), MR) FOR THE15 CASES by (RESR b1, b2): NUMBER OF OBJECT

CONNECTED COMPONENTERESR HANDLES, CAVITIES).

field h has been estimated using the continuous topology-presgregistration strategy described in [24]
(h is a complex transformation modeled using first order Brgpfiinctions with approximately 750 000
parameters).

Four methods have been considered to deftfraccording toh: the proposed method?), the nearest
neighbor interpolationf), the linear interpolation followed by a thresholding atues0.5 (L), and the
method proposed in [20[K). All these methods have been applied on a database compbsgdotropic
2563 CT images of millimetric resolution. Segmentation resuaits strongly related to the accuracy of
the estimation oh. Consequently, the methods are not compared here in tersegaientation accuracy,

but in terms of topological and geometrical adequacy ofrthesult w.r.t.h.
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deadlocks caused by topological constraints erroneous hole

Fig. 6. Segmentation results obtained with the method of (2B left), the proposed method?( middle) and the nearest
neighbor interpolation{, right) (see text). Note that the surfaces are visuallyyneiace thereal discrete results are visualized

here without any post-processing operation such as mesrajam.

B. Results

In order to assess the quality of the methods from a topadbgioint of view, the Betti numbers;
(i € [0,2]) are computed for theé5 results7" obtained for each method (see Table. I).

The Betti numbers are defined as the ranks of the differentohayg groups of an object [25]. 18-D,
by, b1, andbs correspond to the number of OCCs, the number of handles, rendumber of cavities
(or equivalently the number of BCE4), respectively. It can be observed thatand B are the only
methods guaranteeing topology preservation: the topolegjrongly altered withV and L, leading to
connected component splittings, handle and cavity genestetc. For instance, the methddgenerates
an average number db0 undesired cavities in the segmentation result.

From a geometrical point of view, a quantitative comparigoprovided by computingr, for each
method p7, is given in voxel). This computation requires a one-to-orepping ¢ between the CCs
of M and those ofl’, which is not ensured for the metho@dé and L. Since M is composed here of
exactly one OCC and one BCC, this limitation can be easily@awae: voxel for whichT'(v) = 1 are
associated with the OCC, and the other ones to the BCC. Tablevides for each method the ratios
of points for whichpz, = 0 (Ep), 0 < pp, < 0.5 (E1), 0.5 < pr, <1 (E), andpg, > 1 (E3), and the
maximal distancel,,,, defined as the maximal value pf. for the 15 cases.

As expectedpr, (h(v), M) = 0 for all voxelsv when considering thé&V method (see Section II-B).
The results obtained with th® and the. methods show that more points are well located using the
P method Ey = 99.9944% withP, and only 99.8742% witH.). However, since topology preservation
induces here geometric constraints, the ratio of pointsmuch pz, > 1 is equal tol0~°% with P (and

0 with L). This ratio is still very low forP and corresponds to 26 voxels on the 15 considered cases.
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Note finally that the maximal distaneg,... is a little bit higher (but still low) for the proposed method
(dmar=1.86 for P and 0.99 forL). More precisely, with respect to the methéd the maximal values of
o1 (h(v), My) for the 15 images are, from the lowest to the highést0, 0.84, 0.85, 0.93, 0.93, 0.97,
0.97, 0.98, 1.02, 1.62, 1.62, 1.74, 1.79, 1.84, 1.86. Thus, we can conclude that the geometrical adequacy
of the results is quite similar foP, N and L, but among these three methods, oitycan correctly
handle topology.

As mentioned in Section |B enables to preserve the topology but may fail to convergehto t
geometrically desired solution. This is illustrated by thet thatd,,.x is equal t030.98 for B (moreover,
the maximal values opr, (h(v), Mr) for the 15 images are, from the lowest to the highést; 3.4,

3.7, 4.4, 4.9, 6.5, 6.6, 10.7, 12.4, 15.5, 15.6, 17.4, 21.9, 26 and30.98). Furthermore, the values; show
that B is hardly accurate. One could argue that such a claim is thisisee quantification of the results
is based on the proposed cost function. However, as very gemdts are obtained with thy and L
approaches, this cost function can reasonably be condidareneaningful.

The above analysis emphasizes tiRabutperforms the existing —topology-preserving— methodevh
still leading to satisfactory geometrical adequacy of #mutts, similar to those obtained for non topology-
preserving methods. The conclusions of this study aretiifitesd by Fig. 6, which presents a typical result
for B, P andN. An erroneous handle appears with(remember that “standard” methods do not preserve
the topology) wherea® does not converge to the geometrically desired solutionghvhesults in the
apparition of two artifacts. Such artifacts, which are veimilar to lumpg26] (lumps are topological
artifacts, generally presenting a complex shape, whichaggrear during topology-preserving monotonic
transformation of binary objects @f* for n > 3 ) are consequences of topological deadlocks that occurred
during the estimation of the digital homeomorphigm(h is approximated by a digital homeomorphism

hq, see Section 1), thus preventing to converge to the desokdian.

C. Influence of the different steps of the proposed approach

As it has been mentioned in Subsection II-D, the introductid pairwise modifications, and the
decomposition of the transformation into small displacets@re two steps which are required to achieve
good convergence properties. To investigate how critical these two points, three new experiments
have been carried out. We denote BWM the pairwise modification step and I8D the use of small
displacement, namely, the fact to consider sequentiadiyirittermediate deformation fields!), 1(?, ..,
h(N) estimated fromh. Three different methods?;, P, and P;, are derived from the proposed method

P as follows: thePWM and theSD steps are not used iR,. Only thePWM step is used i and only
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the SD step is used inP;. These three methods have been applied on the aforemeahiitznabase. The
geometrical adequacy of the results obtained withP;, P,, and P; are provided in Table Il. Criteria

related to topology are not presented here since all thesieoa® preserve the topology.

Ey Ey Es Es dmax

P 99.9944 | 0.0043 | 0.0013 | 1075 1.86

Py 99.9326 | 0.0122 | 0.0216 | 0.0336 | 15.06

P 99.9522 | 0.0098 | 0.0157 | 0.0223 | 13.01

Ps 99.9757 | 0.0027 | 0.0035 | 0.0181 | 18.57
TABLE I

COMPARISON ACCORDING TO GEOMETRICAL(E;, AND dmax) CRITERIA OF THE PROPOSED METHOP), WITH Py, Ps,

AND P3 (SEE TEXT). THE CRITERIA ARE THE SAME THAN THOSE USED INTABLE |.

We can first notice that results are much less satisfactotiyowi the PWM and theSD steps ;)
when compared with the original methof)( Indeed, the ratio of points for whichy, > 1, andd,,q»
have largely increasedr = 0.0336% for P; v.s. 10~°% for P, andd,,,, = 15.06 for P, v.s.1.86
for P). Moreover, with theP; approach, topological deadlocks can be observed in all é@naince the
maximal values o, (h(v), Mg) for the 15 images range fros87 to 15.06. These results show clearly
the great importance of theWM and of theSD steps.

One can then notice that the results obtained usingnd P; are improved compared to those obtained
using P;. However, even if the ratio of points for whicghy;, > 1 has decreased using and P; with
respect toP;, it remains largely greater than the one obtained vithMoreover, topological deadlocks
are observed withP?, and P; for each considered image: the maximal valueggf(h(v), Mg) for the
15 images range fror.09 to 15.06 for P, and from7.98 to 18.57 for Ps;. These results emphasize the
fact that thePWM and theSD steps are both required to obtain good results. This is natr@rising
conclusion since th®WM step aims at escaping from local minima or from deadlockasitns which
may appear during the dynamical scheme while 8izstep aims at avoiding deadlock situations by
guiding the discrete dynamical process.

The influence of the parameterused for decomposing the transformation is also invegtgafour
different values are used: = 0.25 (P.—g.25), € = 0.5 (P=P.—g5), € = 1 (P.—1), ande = 5 (P.—5).
Results are given in Table Il

Results obtained foP._y 05 and for P._y 5 are very similar, while those obtained fer= 1 are
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Ey by Es Es dmax

Pe=o.25 99.9980 | 0.0015 | 0.0005 107° 1.86

Pe—o.5 99.9944 | 0.0043 | 0.0013 | 1075 1.86

Py 99.9977 | 0.0016 | 0.0006 | 0.0001 | 4.76

Pe—s 99.9897 | 0.0028 | 0.0023 | 0.0052 | 18.59
TABLE 11l

COMPARISON ACCORDING TO GEOMETRICAL(E);, AND dmax) CRITERIA OF THE PROPOSED METHOD WITH DIFFERENT
VALUES OF € : P.—g.25, P = P.co5, Pez1, Pc—5 (SEE TEXT). THE CRITERIA ARE THE SAME THAN THOSE USED INTABLE |.

slightly deteriorated:E3 = 0.0001% forP.—; v.s.107°% for P._q5, and d,,.. = 4.76 for P._; v.s.
1.86 for P._y5. More precisely, results are largely deteriorated for amhe image whereas results are
relatively satisfactory for the others. Indeed, the maxinedues of pr, (h(v), Mr) for the 15 images
are, from the lowest to the highe$t80, 0.93, 1.03, 1.17, 1.36, 1.47, 1.53, 1.60, 1.62, 1.69, 1.79, 1.82,
2.27, 2.58 and4.76. On the contrary, whean is set to5, some topological deadlocks appear in most of
the images: the maximal values pf, (h(v), Mg) for the 15 images range from 2.01 to 18.59, and the
maximal value ofpr, (h(v), Mr) is greater than 10 for six cases.

At the sight of these results, the setting- 0.5 appears to be a relevant choice.

IV. DISCUSSION

The previous section highlights the good performance ofptttposed method. However, as for any
method based on a dynamic scheme, which attempts to miniamznergy function, there is always a
risk to converge to a local minimum. Indeed, it is possiblelésignad hocexamples leading the method
to converge to such a local minimum.

A first example, illustrated in Fig. 7, highlights one deaituation of the proposed approach. In
this example, the imag#/ to warp is composed of two OCCs of one voxel, namelyandv,. Let us
suppose that the considered topology-preserving defayméeld & verifiesh(v,) = ve, andh(vy) = vy
(for example,h can be a rotation ofr radians whose centé&f is the middle point between, andvs).
Three intermediate transformation$) (i € [1,3]) are then computed frorh. When considering:(!,
the proposed approach converges frdmto 7,..,. When considering? (and,a fortiori, (®) and k),
there is no simple point with positive benefit value. Consaily, T,.. corresponds to a local minimum

which will be the result of the method for this example. ThsuleT,..,, although topologically correct
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Fig. 7. Example illustrating a deadlock situation of the gmsed approach. From left to right: representatiomadnd of
the intermediate transformatiotg® (i € [1,3]); M (image to warp)I;.. (obtained result), and,,: (desired result). The
proposed approach converges here to a local minimum siecdisbrete dynamical scheme cannot follow the path provied

the intermediate transformations, due to topological tairgs.

is however geometrically very far from the expected regyjt. The main reason explaining the failure
of the process is thdi® is a many-to-one mapping:? (v;) = h(? (v;). Since the dynamical process
is constrained to preserve topology, voxels cannot be maeedrding tok(?. This is a consequence
of the construction of the intermediate transformatid$ proposed in Section Il, that may possibly
not preserve topology. We can notice that this limitatiosoaholds in the approach of [20] where the
movement of simple point; is guided by choosing the close&tdjacent neighbor voxel; along the
direction of the vectoh(v;) — hg(v;) (h is approximated by a digital homeomorphism, see Section
).

In order to illustrate such a phenomenon on a “real” caseydetonsider the skull reference image
M used in Section lll, and foh, a rotation ofr radians around an axis parallel to theaxis and
passing through the middle of the image. Broadly speakiiggants may collapse onto the discrete
line corresponding to this rotation axis during the dynahi&cheme. Results obtained with [20] and
the proposed method are illustrated in Fig. 8. As expecteth methods do not converge to the desired
solution. The way in which the methafi fails can be at first sight surprising. The artifacting lirtkat
are oriented in the direction of the axis of rotation are intfa side effect of considering a discrete
deformation field to warp the binary image toward the dess@dtion. For instance, when considering a
voxel v located at a corner of the image, the corresponding contmdeformation vectat(v) associates
this voxel with the opposite corner of the image with respect to the axis of rotation. Thus, dwyrin
the optimization process and provided there is no topoldgieadlock, the discrete deformation field
hq(v) to be estimated will successively associate the vaxalith every voxels located on the line

(vv”) until converging tov’. Consequently, the voxel will be associated sometimes with background
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Fig. 8. Results obtained fat corresponding to a rotation of radians with [20] (left), and with the proposed method, by
considering a linear decomposition bf(middle) and arad hocrotation-based decomposition (right). Results are visedlup

to the rotation ofr radians, in order to look similar to the left part of Fig. 5.

components and sometimes with object components, thusiekpg the emergence of theses kinds of
“spike”. Some of these “spikes” disappear when the discdet®rmation succeeds to pass through all
the object components, but some of them remain because albtppal deadlocks. Concerning the two
“spikes” that appear with our method, they result from vexatlonging to the chin that get stuck there
because of topological deadlocks.

However, the proposed approach could easily be extenddtttorozent this limitation by constraining
each transformatioh”) to be a one-to-one mapping. For example, in this example)the intermediate
transformations computed fromcould be defined as follows; is the rotation ofi.7 /N radians around
the rotation axis withV being the smallest integer which enables to verify Eq. 7. fdsult obtained
with a rotation-based decomposition is presented in thiet pgurt of Fig. 8 and exactly corresponds to
the expected solution.

In a more general fashion, an efficient way to deal with tramsftions which are not correctly
modeled by a linear decomposition is to consider the transiton as the composition of several
“elementary” onesh = hyohso... hi, Where eachh; belongs to a specific class of transformation such
as translations, rotations, scalings, etc. Adapted giiegecould then be used to estimate the intermediate
transformations{hf;)fvzt1 for eachh;, such as the one proposed above for axial rotation alongnaipai
axis which enables, by composition, to model any rotatiarsuxh as the framework presented in [27]
for estimating large deformation diffeomorphisms, whidms at defining a geodesic pathway in the

manifold of diffeomorphisms. It has also to be noticed tihet transformation of a whole discrete image
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by (i) a translation by a vectofr,y,z) € Z3, (ii) a rotation ofk.7/2 (k € Z) along one of the3
principal axes ofZ?, and(iii) a scaling by a factok € N* (i.e. an oversampling), trivially preserve the
topology of the image. Following this remark, a large ratat{e.g, of 57/6 radians) could be divided
into two rotations: a —possibly large— first one (ofadians) preserving the topology, and a small second
one (of —7 /6 radians).

Unfortunately, there is however no guarantee that the eliscdynamical process may “follow the
path” generated by the successive one-to-one mappingselmexample depicted in Fig. 9, the image
M is composed of two OCCs and is warped according to a rotatfon cadians around the point

O. The sequence of one-to-one mappimgg))ﬁil which verify the properties of Eg. 7 can easily be

L1
v
%. 7Y
%\

7t

<
4

NI(BS

Fig. 9. Image to warp according to a rotationofradians around. Even if it is possible to find a sequence of one-to-one

mappings(h“)){":l, the dynamical process cannot converge to the desired@ol(gee text).

computed thanks to the aforementioned strategy. Howewerdynamical process, which is discrete by
definition, will not be able to follow the associated pathdded, the desired result, which consists, in
“exchanging” the two OCCs and their respective handlespctibe obtained by adding and/or removing
simple points fromM: (i) the topological complexity of the two OCCs does not enabléréaluce”
them without altering their topology ar{@) the image is not large enough to enable the two OCCs with
their associated handles to move simultaneously towakls thspective targets. A solution could be to
enlarge the image by adding voxels on its border. Howevepitke such considerations, in the general
case, the main difficulty remains the computation of a seqel@m@)fil of one-to-one mappings such
that the discrete scheme is able to follow the corresponplitigs. In practice, this estimation will clearly
depend on the topological complexity of the object to wam. lstance, the local Jacobian should be
large in areas where topological properties are compled,samnall in areas with “simple” topological
properties. This is clearly a very difficult task, and prolyadin open problem.

The considerations exposed in this section, although nablamg to solve all the problems induced

by the difficulty to decompose any deformation fields into gussce of one-to-one mappings, enable
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to efficiently deal with a large class of deformations, andignificantly reduce the risk of erroneous
convergence of the proposed method to local minima. Nofethethe linear decomposition of the
deformation field has revealed to provide satisfactoryltesm the context of our application.

Finally, the experiments described throughout the papeewperformed on a 2.4 GHz dual-core
Pentium workstation. The overall procedure was implentinteC/C++. On average, approximately half
an hour is required to transform an image of size 256x256x&%®rding to a deformation field. This
may appear computationally expensive compared to staridsmgbolation methods such as the nearest
neighbor interpolation which requires a few seconds. Harethis time is acceptable compared to the

approximatively 3 hours required in our application to restie a deformation field from two CT-images.

V. CONCLUSION

A new method for warping a binary image in a discrete topolpmgserving fashion according to a
continuous topology-preserving transformation has baepgsed. This method is among the first ones
devoted to fuse continuous topologdy. the topology related to the actual semantic of the contisuou
warped image, with discrete topologye. the topology which can effectively be handled in a digital
image. Experiments have been conducted in the context a$-bised skull segmentation. Standard
interpolation methods such as nearest-neighbor and limeawpolation have been shown to alter the
discrete topological properties of the warped images (@m@pee of handles and cavities). In addition,
the proposed method has been compared with an alternatibednef the literature [20] that also ensures
topology preservation and has been shown to geometricettgbconverge to the desired solution: the
maximal geometrical error observed with the proposed amprdias never exceeded 2 mm while the
alternative method has led to error higher that 30 mm for sexperiments. These results emphasize the
interest of the proposed approach which may be of interesbtfeer applications in 3-D medical image
analysis.

Further works will consist in extending this method to lalbges. It can be noticed that some
methods have already been proposed to modify label imagée wieserving their putative topology
[28], [29], [16], [20]. However:(i) in [29], some simplifying hypotheses are used to enable #melling
of such label models as multicomponent binary or{és;in [16], the considered theoretical framework
is not sufficiently robust to guarantee complete results (gsult of the segmentation can possibly lead
to apartial partition of the imagei.e. some points may possibly be unclassified); &id) in [28], [20],
the proposed theoretical framework is not compatible wititlabel (.e. a binary) image, in particular,

it raises several paradoxes related to the Jordan-Brouweereém [30]. Note that the correctness of the
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“deformation” part of the method proposed in [20] in the ca$e-correctly handled— binary images is

however not affected by the proposed label image modelihg. 8xtension of the method proposed in

this article to the case of label images will first require ®velop a sound theoretical framework for

modeling and topology-controlled modification of label ges, which is, to our knowledge, still an open

problem.
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