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Abstract. Modeling the �owing blood in vascular structures is crucial to per-
form in silico simulations in various clinical contexts. This remains however an
emerging and challenging research �eld, that raises several open issues. In partic-
ular, a compromise is generally made between the completeness of the simulation
and the complicated architecture of the vasculature: reduced order simulations
(lumped parameter models) represent vascular networks, whereas detailled mod-
els are devoted to small regions of interest. However, technical improvements
enable targeting of compartments of the blood circulation rather than focusing on
vascular branched segments. This article aims at investigating the cerebral �ow
in the entire venous drainage that can be reconstructed from medical imaging.

1 Introduction

The cerebral vasculature is a highly complex three-dimensional network, composed by
three successive compartments: arteries, capillaries and veins. The arterial cerebral vas-
culature is characterized by a relatively invariant anatomic pattern [1, 2]. The major part
of the current literature on macro/mesoscopic modeling and simulation of blood �ow
in the brain has focused on this �rst compartment [3]. By contrast, venous cerebral
system was rarely studied and still remains not well understood. In particular, several
di�culties are to be considered: the lack of parallelism between arterial and venous cir-
culations; the asymmetric and considerably more various pattern of the venous network
compared to the arterial; the highly individual variations of the venous out�ow.

In this challenging context, �owing blood simulation is highly relevant for various
clinical purposes. It can allow diagnosis and follow-up of aneurysms [4], or predict the
e�ects of stenting [5] or coiling [6] procedures. In order to be actually useful, blood
�ow modeling has to �t at best the physical rules of �uid dynamics, with respect to
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physiological assumptions. As a consequence, by opposition to many clinical applica-
tions where virtual reality provides satisfactory paradigms, it is mandatory to consider
mathematical approaches relying on numerical analysis [7]. This strategy presents a
higher computational cost, but also a higher � and crucial � physical reliability.

Computational �uid dynamics has evolved with the development of new numeri-
cal schemes and high performance computing. However, despite many breakthroughs,
open problems still exist. They derive from computational cost issues, but also from the
di�culty to accurately model the multiple physiological assumptions. In this method-
ological framework, two dual strategies are generally considered.

The �rst strategy consists of performing reduced order simulations, i.e., to consider
1D models of the 3D vessels. The strong decrease of space complexity allows the nu-
merical solvers to deal with complex vascular networks, and to provide accurate � yet
macroscopic � behavior of the global �owing blood. This paradigm has been consid-
ered to handle the vascular networks of speci�c organs [8], but also of the whole human
body [9�11]. However, local values of vascular resistances and compliances remain, in
general, unknown in the context of personalized studies.

The second strategy consists of performing complete computational �uid dynamics
simulations, i.e., to consider the 3D geometry of the vessels, and to simulate �ne blood
�ow patterns. In particular, it has been demonstrated [12] that a satisfactory agreement
is obtained by 1D models during diastole, but signi�cant di�erences appear during sys-
tole, partially explained by the inability of the currently used 1D models to take into
account secondary �ow features, vessel curvature, etc. In 3D models, the huge size of
the induced equation systems generally leads to focus on vessel samples. Classical use
cases are then related to large vessels [13] or to vascular pathologies [4, 14] where the
considered vascular geometries are vessel segments. Unfortunately, sampling the ves-
sels induces a bias that alters the correctness of the �ow information [15].

This motivates the development of simulation strategies that accurately handle both
complicated vascular geometries and 3D blood �ow models. Approaches based on
mixed 3D/1D computational �uid dynamics models [16] are a �rst � yet partial � step
towards this goal. (The use of 3D/1D coupled models allows to study how local and
global hemodynamics phenomena are linked, for instance, the carotids can be inter-
faced with the more complex arterial network [17, 18].) Regarding a fully 3D context,
few attempts have been proposed for the cerebral arterial [19] and venous [20] net-
works. Both were preliminary, and the latter essentially dealt with the initialization of
the simulation, i.e. a stationary Stokes problem.

Our e�orts toward this goal have been carried out by following three fundamen-
tal guidelines: (i) developing/using open-source softwares, in order to have a full han-
dling of the underlying methods, and to provide guarantees in terms of current and fu-
ture availability as well as reproducible research; (ii) proving the numerical correctness
of the developed solvers, giving quality guarantees both in terms of reliability, repro-
ducibility and incrementality, in contrast to many previous approaches based on com-
mercial software packages; and (iii) considering a cautious physically-oriented model-
ing of the �owing blood behavior, to obtain not only realistic, but also reliable � and
thus hopefully useful � results.



Fig. 1. First row: geometry correction of a 2D mesh. Second row: processing of the inputs and
outputs (identi�cation, cutting and extrusion).

The article is structured as follows. Sec. 2 summaries the chain to obtain a realistic
geometry. Sec. 3 is devoted to the modeling of the venous network in order to obtain the
adequate equations to solve. In Sec. 4, we give details on the considered numerical ap-
proaches and algorithms. We present in Sec. 5 numerical results on analytical solutions
and on a realistic case. We gather in Sec. 6 some concluding remarks.

2 Geometric Modeling

The �rst step of our scheme deals with image processing and mesh generation issues. It
takes as input a 3D MRA (Magnetic Resonance Angiography) data, whose resolution
is su�cient at a macroscopic scale. Images were acquired on a whole-body scanner
(Siemens Magnetom Verio 3.0 T , gradient slope = 200 T=m=s, �ow encoding sequence,
TR = 42.7 ms, TE = 6.57 ms, resolution = 0:4 � 0:4 � 0:8 mm3).

An example-based segmentation method [21] is used to extract the venous 3D dig-
ital volume. Marching-cube is then used to compute their boundaries as 2D meshed
surfaces. These meshes cannot be used straight-away to generate the 3D computational
�uid dynamics meshes. Indeed, (i) local geometric corrections are needed before being
suitable for simulation, and (ii) it is required to identify domain input/outputs. The �rst
task is crucial, as geometric artifacts can remain locally despite the e�orts put into the
segmentation, such as spikes o� the main surface due to small branching vessels, unde-
sired small branches, small disconnected components, etc. The second task is required
so one can latter setup appropriate boundary conditions for the numerical model on each



venous tree tip (Fig. 1). Due to the necessity to interactively inspect the mesh, we tack-
led these tasks with a work�ow supported by a combination of o�-the-shelf tools such
as the Blender modeling software and appropriately developed software. The former
is geared towards general mesh editing to �x areas that are deemed to be problematic
while the latter is more dedicated to perform problem-speci�c tasks e�ciently, for in-
stance inputs and outputs labeling and reshaping. Finally, we smooth the 2D mesh with
mmgs before building the 3D tetrahedral simulation mesh with mmg3d. The size of mesh,
with respect to the number of degrees of freedom, is chosen at this step.

3 Physical Modeling

Our aim is now to derive an appropriate model for the
large cerebral veins located in the leptomeninges down to
the extracranial drainage. At the macroscopic scale, the
brain venous network (see illustration) is composed by
� input � veins (vein of Galen (7); internal cerebral vein
(8); basilar vein (9); superior cerebral veins (10); supe-
rior anastomotic veins (11)) draining the blood into the
superior sagittal sinus (2) and the straight sinus (3), until
their con�uence (4). The blood then passes into the trans-
verse (5) and sigmoid parts (6) of the lateral sinuses, and
reaches an extracranial area, composed of the � output �
internal jugular veins (1) [1].

Concerning the �ow in large/medium-sized cerebral veins, we adopt standard as-
sumptions: (i) the blood density is constant; (ii) the �ow is incompressible and isother-
mal. Blood is also supposed to be Newtonian [3, 22] as, in the absence of blood stagna-
tion regions, rouleaux of red blood capsules are formed neither in the upstream micro-
circulation (particle train �ow) nor in veins. Moreover, in such veins, �owing cells do
not deform. Hence thixotropic, viscoelastic, and shear thinning features are omitted in
the context of a drainage circuit that receives a steady, laminar �ow at its entrance.

Another important issue is the relevance of using either a complex �uid-structure
interaction model or a �uid model. Intracranial veins that run through the leptomeninges
(mostly water) are quite constrained between a nearly incompressible brain and the
rigid skull. They are thus not susceptible to experience large deformations, and are
considered as rigid. (More generally neglecting wall motion has been shown to be an
acceptable hypothesis when studying intracranial arterial blood �ow [23].)

The boundary conditions are: (i) in�ow: a steady pro�le (constant velocity of small
magnitude, due to microcirculation exit, far from the thorax hence far from the e�ects
of breathing and cardiac pumping [24]); (ii) out�ow: homogeneous natural conditions;
(iii) lateral boundary: no-slip condition, since walls are assumed to be rigid.

Computed orders of the Reynolds (90 ! 232), Stokes (1:10 ! 3:84) and Strouhal
numbers (0:013 ! 0:063) show the potential importance of the convective forces
and �ow unsteadiness. In conclusion, the mathematical model that we consider is the



Navier-Stokes equations with mixed boundary conditions
8>>>>>>>>>><
>>>>>>>>>>:

@tu + u � ru � ��u + rp = f in 
 � (0;T )
r � u = 0 in 
 � (0;T )

u = g1 on �D � (0;T )

�
@u
@n
� pn = g2 on �N � (0;T )
ujt=0 = u0 in 


(1)

where 
 � R3 is a bounded domain with a Lipschitz-continuous boundary �, (0;T )
is a �nite time interval. We recall that u is the �uid velocity, p its pressure and � its
kinematic viscosity. We suppose that � consists of two measurable parts: �D, where
Dirichlet boundary conditions are imposed, and �N , where Neumann boundary condi-
tions are prescribed. We denote by n the unit outward normal vector to 
 on its bound-
ary �. The Dirichlet boundary conditions correspond in the non-homogeneous case to
a velocity g1, generally prescribed at the inlets, and in the homogeneous case to the
non-slip boundary condition prescribed at the vessel wall; the function g2 corresponds
to the normal component of the stress tensor, prescribed at the outlets.

4 Numerical methods

To solve Eq. (1), we consider two numerical schemes presenting dual properties. The
�rst [25, 3] considers a discretization involving a time-scheme based on the character-
istics method and a spatial discretization of �nite element type. Theoretically expected
convergence in space for velocity and pressure error are of order 3 and 2 (resp. 2 and 1)
for the L2-norm (resp. the semi-norm H1). The characteristics method is proven to be
unconditionally stable and expected to be of order 1 in time.

The second method [26] belongs to the class of truly consistent splitting schemes
[27], which decouples the computation of the velocity and pressure. It computes an
approximate solution to the Navier-Stokes equations by solving at each time step a
Poisson equation for the pressure and a heat equation for each component of the ve-
locity. Its temporal accuracy was numerically assessed in 2D analytical cases [26] and
observed to be of order 2 for both velocity and pressure. The spatial convergence was
not evaluated, but second order accuracy for the space error is also expected.

Our implementations rely on the FreeFem++ library [28], that enables to run algo-
rithms on parallel architectures. All codes and details are freely available on-line1.

We performed a validation on a gold-standard CFD problem with known analytical
solutions [29]. The results (Fig. 2, log scale) con�rm the numerical soundness of the
schemes and our implementation. Our analysis shows that the second enjoys high-order
convergence properties. However, the �rst remains faster in its current implementation.

5 Results

For our experiments on a real vascular model, a �nite element mesh of 237 438 tetra-
hedra was generated. Since blood comes from microcirculation (quasi-steady/steady

1 http://numtourcfd.univ-reims.fr
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Fig. 2. Convergence curves of numerical errors. First row: [3]; second row: [26]. From left to
right: space errors for velocity; space error for pressure; time errors for velocity and pressure.

Stokes �ow), we use a steady pro�le of small magnitude (28 mm=s), at the in�ow. The
no-slip condition was imposed on the wall boundaries, that are assumed to be rigid. For
the out�ow, we used a free traction boundary condition at the jugular vein extremities.

We performed 1 000 iterations, with a time-step equal to 10�3 s, in 14 hours on 16
processors, thus providing a simulation of 1 second of non-steady blood �ow within
cerebral venous network. Results obtained with this method are illustrated in Fig. 3�4.

Flows calculated at inlets and at outlets are identical (mass conservation property),
with a value of 6 227 mm3=s, corresponding to physiological data [2]. Complex pat-
tern �ows are present and an asymmetric behavior in the two outlet branches can be
observed, due to the physiological asymmetric pattern of the venous network. The de-
picted pressure should be interpreted relative to a reference pressure, applied to the
models outlets; the obtained pressure drop of approximately 3:5 mmHg is in a physio-
logical range [11]. It is worth noting that, since we use a rigid-walls model, the results
are identical regardless of which value is used as a reference.

6 Conclusion

Many questions are raised by this work. Among the most crucial, one can cite the po-
tential in�uence of the beating heart and the respiration on the out�ow. These physio-
logical phenomena should be taken into account in the out�ow boundary conditions. In
addition, the boundary conditions should take into account the position � horizontal or
vertical � of the subject [30]. We also have to work on the collapsibility of the jugular
veins. All these considerations may further lead to a better modeling.

Beyond the numerical validations with respect to analytical results, a main issue
remains the validations in the real vascular network. If physical phantoms can be con-



Fig. 3. Navier-Stokes simulation (iteration 250=1 000): streamlines and magnitude of velocity.

Fig. 4. Navier-Stokes simulation (iteration 250=1 000): magnitude of pressure drop �eld.

sidered to reach that goal in the case of simple vascular structures, such approaches are
hardly tractable for complex networks. The development of virtual angiography, that
simulates the physical image acquisition sequences, in order to create realistic synthetic
data, provides a promising perspective. The case of Computed Tomography Angiogra-
phy has already been pioneered [31]. The case of MRA is an emerging research �eld
that constitutes one of our very goals, and motivates our use of MRA images.
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