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Abstract—Volume data can be represented by voxels. In many
applications of computer graphics (e.g. animation, simulation)
and image processing (e.g. shape registration), such voxel data
require manipulations. Among the simplest manipulations, we
are interested in rigid motions, namely motions that do not
change the shape of voxel objects but do change their position
and orientation. Such motions are well-known as isometric
transformations in continuous spaces. However, when they are
applied on voxel data, some important properties of geometry and
topology are generally lost. In this article, we discuss this issue,
and we provide a method for rigid motions of voxel objects that
preserves the global convexity properties of objects, with digital
topology guarantees. This method is based on the standard notion
of H-convexity, and a new notion of quasi-regularity.
(a)

(b)

I. I NTRODUCTION
Representation of volume data is an important element
in 3D imaging applications. One of the commonly used
representations relies on digital models, namely sets of voxels
(3D pixels), as it provides a uniform and simple framework,
that allows for describing easily the topology and geometry
of objects. Voxel data are defined on the 3D Cartesian grid
Z3 . Each voxel —unit cube centered on a grid point— is
represented by its integer coordinates in Z3 .
Voxel data are frequently involved in computer graphics
(e.g. animation in games, simulations) and image processing
techniques (e.g. object tracking, shape registration), and in applications related to 3D images (e.g. medical imaging). In such
applications, voxel data are often required to be manipulated
in Z3 . Among simple operations, we are interested in rigid
motions which refer to changing the position and orientation
of a 3D object without deforming its shape. In this article, we
consider rigid motions composed by rotations and translations.
Applying rigid motions on Z3 is generally assumed to
be simple and to preserve object shapes (geometry and
topology) due to their isometry properties on R3 . However,
such invariance properties are no longer satisfied with voxel
objects. Rigid motions on Z3 , called digital rigid motions, are
generally performed in the associated continuous space and
followed by a sampling operation (also called digitization)
of the result. Because of this digitization step (and also of
numerical approximations of the continuous transformations),
digital rigid motions do not satisfy connectivity and geometry
preservation, as exemplified in Fig. 1. It should be noticed

(c)

(d)

(e)

(f)

Fig. 1. (a) Convex decomposition of Bunny mesh. (b) Voxel representation of
(a). (c) A convex part —right ear— of (b). (d) Rigid motion of (c) followed
by digitization where convexity and connectivity are lost, see green areas. (e)
Rigid motion of (c) based on half-plane representation where convexity is
preserved, but not the connectivity, see green areas. (f) Our proposed method;
both convexity and connectivity are preserved.

that, contrary to R3 , convexity does not imply connectivity on
Z3 (see Fig. 1(e)). Several issues of digital rigid motions have
been identified and discussed in [1]–[3]. In a context of image
processing and analysis, rigid motion followed by digitization
(or interpolation) is generally used for transforming voxel
objects (see Sec. II). However, this can generate artifacts and
lead to undesired biases of connectivity and geometry in the
final result (see Fig. 1(d)).
In this article, we propose an alternative method devoted to
qualitatively preserving convexity properties of voxels objects
under rigid motions. More precisely, the proposed method

is based on a representation of the objects by (digital) halfspaces. Based on this representation, we establish a property of
the convex hull of voxel objects that allows for the preservation
of convexity and connectivity under rigid motions.
II. P ROBLEM OF RIGID MOTIONS IN Z3
A. Objects and rigid motions in R3
Let us first consider an object X ⊂ Rn in the Euclidean
space R3 as a closed, connected, bounded subset of R3 . Rigid
motions on R3 are defined by:
T

: R3
x

→
7
→

R3
Rx + t

(1)

where R is a rotation matrix and t ∈ R3 is a translation vector.
Such transformation T is bijective and isometric. In particular,
T(X) has the same geometry and connectivity as X.
B. Digitization of objects and connectivity
The digitization of X is defined by the intersection of X and
Zn , called Gauss digitization [4]. Such digitization operator
is intuitive. However, it may cause shape alterations. In this
context, conditions for guaranteeing connectivity of digitized
objects have been studied for n = 3 [5], [6] based on a notion
of regularity, originally proposed for n = 2 [7], [8].
Definition 1 (r-regularity): An object X ⊂ R3 is r-regular
if for each boundary point of X, there exist two tangent open
balls of radius r, lying entirely in X and its complement X,
respectively.
This notion is based on classical concepts of differential
geometry. It establishes a topological link between a continuous shape and its digital counterpart, based on the notion of
connectivity [6]. Given a point p ∈ Z3 , the neighborhood of p
is defined by N (p) = {q ∈ Z3 : kp − qk1 ≤ 1}. We say that a
point q is adjacent to p if q ∈ N (p) \ {p}. From the reflexive–
transitive closure of this adjacency relation on a finite subset
X ⊂ Z3 , we derive the connectivity relation on X, which is an
equivalence relation. If there is exactly one equivalence class
for this relation, then we say that X is connected.
Proposition 1 (From
[6]): If a (connected) object X ⊂ R3
√
is r-regular with r ≥ 3/2, then the digitized object X ∩ Z3 is
connected.
C. Digital objects and rigid motions in Z3
A rigid motion T, when applied on a 3D digital object
X ⊂ Z3 , generally leads to T(X) 6⊂ Z3 . Therefore, in
order to get it back into Z3 , we need a digitization operator
D : R3 → Z3 . Such operator is generally defined as the
standard rounding function. The discrete analogue of T is
then defined as Tpoint = D ◦ T|Z3 . We note Tpoint (X) =
{Tpoint (p) | p ∈ X}.
Figure 1(d) shows that the geometry and topology are
generally not preserved by Tpoint . Motivated by this issue,
we focus on the fundamental properties of convexity and
connectivity. We present a method for rigid motions on Z3
that preserves these properties.

III. D IGITAL CONVEXITY
An object X ⊂ Rn is said to be convex if for any pair
of points x, y ∈ X, every point on the straight line segment
joining x and y, defined by [x, y] = {λx + (1 − λ)y | 0 ≤
λ ≤ 1}, is also within X. This continuous notion, however,
cannot be directly applied to digital objects X in Zn . Indeed,
for p, q ∈ X we have [p, q] 6⊂ Zn as soon as p 6= q. In
order to tackle this issue, various extensions of the notion of
convexity have been proposed in Zn , in particular for n = 2
[9]–[11]. Among these variations, we adopt the H-convexity
notion, initially defined in 2D [9]. H-convexity allows us to
develop a method, based on the half-space representation of
convex polyhedra, for convexity-preserving rigid motions of
3D digital objects. The definition of H-convexity requires the
notion of convex hull, which is defined for a digital object
X ⊂ Z3 as:
X
X
Conv(X) = {x ∈ R3 | x =
λp p ∧
λp = 1
p∈X

p∈X

∧ ∀p ∈ X, λp ≥ 0}.

(2)

Definition 2 (H-convexity): A digital object X ⊂ Z3 is Hconvex if X = Conv(X) ∩ Z3 .
Let us remark that H-convexity does not imply connectivity
in Z3 (resp. Zn ) by contrast to R3 (resp. Rn ). This motivates
our choice of assuming that the objects we handle are also
connected on Z3 . This additional connectivity property of
a digital object is crucial for further guaranteeing that Hconvexity preservation during rigid motions will allow us to
obtain a relevant shape of the digital object.
IV. C ONVEXITY AND RIGID MOTIONS ON Z3
In this section, we propose a method that allows us to
preserve the H-convexity of digital objects X under any rigid
motion. As stated in Sec. II, it is geometrically irrelevant to
apply directly a digitized rigid motion Tpoint on X. Indeed, this
may lead to alterations of both connectivity and convexity. To
overcome this issue, we first introduce the half-space representation of a H-convex digital object. Then, a (continuous)
rigid motion is performed on the set of half-spaces constituting
the object. This process is then followed by a redigitization
(back to Z3 ) of the intersecting region of the transformed
half-spaces, to obtain the transformed H-convex digital object.
Furthermore, a condition, namely quasi-r-regularity, on X is
proposed for guaranteeing the connectivity preservation of the
transformed objects under a Gauss digitization process.
A. Digital half-space representation
The representation of convex polyedra with half-spaces —
called, H-representation— was introduced in [12]. The Hrepresentation is used here to model the H-convex digital
objects. Let us consider a H-convex digital object X ⊂ Z3 ,
containing at least four non-coplanar grid points of Z3 , so that
Conv(X) has a non-null volume. By construction, the coefficients of the half-spaces modeling the polyhedron Conv(X)
are integers; we call these half-spaces integer half-spaces.

They are computed from the convex hull Conv(X) of X. In
particular, the vertices of Conv(X) are grid points of X.
\
Conv(X) =
H,
(3)

C. Rigid motions of H-convex objects

H∈R(Conv(X))

where R(P ) is the minimal set of closed half-spaces that
constitute the convex polyhedron P . Each H is a closed halfspace as follows:
H = {x ∈ R3 | n · x + d ≤ 0},

(4)

where n = (a, b, c) ∈ Z3 with gcd(a, b, c) = 1 is the normal
vector of H, and d ∈ Z.
The integer coefficients of H are uniquely obtained from
three incident vertices of Conv(X) (i.e., forming a triangle on
the surface of the convex hull), denoted by u, v, w ∈ Z3 in
clockwise ordered, such that
n =

n1 × n2

d =

−n · u

where n1 = u − v and n2 = w − v.
Therefore, from Def. 2 and (3), if X is H-convex, then we
have


\
H ∩ Z3
X =
H∈R(Conv(X))

=

\



H ∩ Z3

where η = Rn and δ = η · t + d.
Note that any rational half-space can be easily rewritten by
an integer half-space in the form of Eq. (4).

(5)

H∈R(Conv(X))

where each H ∩ Z3 is called a digital half-space. It is plain
that any digital half-space is H-convex.
In [13], [14], an efficient and simple algorithm was proposed
for computing the convex hull of sets of 3D points, namely
the Quickhull algorithm. It is based on a divide-and-conquer
approach which is similar to the Quicksort. The algorithm has
an average complexity O(n log r) with n the number of input
points and r is the number of output vertices (in the worst
case, the algorithm has O(n2 ) complexity). This algorithm
is implemented not only for X ⊂ Z3 but more generally for
X ⊂ R3 in the CGAL library [15].

In Sec. IV-B, we explained how to transform a digital halfspace using Eqs. (6) and (7). Since a H-convex digital object X
is represented by the intersection of a finite set of digital halfspaces generated from its convex hull, as shown in Eq. (5), we
can define a rigid motion of X on Z3 by using its associated
digital half-spaces as:


\
TConv (X) = T
H ∩ Z3
H∈R(Conv(X))


=

\


T(H) ∩ Z3 .

(8)

H∈R(Conv(X))

The rigid motion TConv (X) is called convexity preserving digital rigid motion. Roughly speaking, we transform
each H ∈ R(Conv(X)) by T and obtain the intersection
of allTT(H) as the convex polyhedron P such that P =
T(H). Then, we redigitize P in order to obtain
H∈R(Conv(X))

the transformed digital object TConv (X).
Remark 1: The polygon corresponding to the convex hull
of TConv (X) is not equal, in general, to the transformed
continuous polygon corresponding to the convex hull of X.
However, we have the following inclusion relation
Conv(TConv (X)) ⊆ T(Conv(X)),

(9)

and there is no grid point in T(Conv(X)) \ Conv(TConv (X)).
This leads the following property.
Property 1: If X ⊂ Z3 is H-convex, TConv (X) is H-convex.
As mentioned above, H-convexity does not imply connectivity in Z3 by contrast to R3 . In the next section, we show
that TConv (X) remains not only H-convex but also connected
under a sufficient condition, called quasi-r-regularity, defined
on the convex polyhedron Conv(X).

B. Rigid motions of digital half-spaces

D. Quasi-r-regularity and convexity preservation

The rigid motion of a digital half-space H ∩ Z3 can be
expressed as:

Let us now introduce the notion of quasi-r-regularity,
that can be seen as an extension of r-regularity [4] in R3 .
Intuitively, a quasi-r-regular object X ⊂ R3 presents sufficient
conditions for guaranteeing that its connectivity will not be
affected by a Gauss digitization process.
Let us first introduce some notations and mathematical
morphology notions. We note Br (resp. Sr ) a close ball (resp.
a sphere) of R3 of radius r > 0. We note ⊕,
and ◦ the
classical operators of dilation, erosion and opening commonly
used in mathematical morphology [8], [16], [17]. In particular,
⊕ is the Minkowski addition, the associated subtraction, and
◦ the composition of both, namely X ◦ Y = X Y ⊕ Y . Here,
let us consider simple objects that are bounded, convex and
simply connected (i.e., connected with no tunnel and no hole).
Then, the r-regularity of Def. 1 on such a simple shaped object

TConv (H ∩ Z3 ) = T(H) ∩ Z3

(6)

where T(H) is the rigid motion of H obtained analytically as
follows.
It should be mentioned that digital objects and digital halfspaces involve exact computations with integers. In addition,
as digital objects are finite in practice, we can assume hereafter
only rational rigid motions, i.e. rotation matrices R and
translation vectors t contain only rational elements.
The rational rigid motion T is then applied on the integer
half-space H defined by Eq. (4), to obtain a rational half-space:
T(H) = {x ∈ R3 | η · x + δ ≤ 0}

(7)

(a) r-regularity

(b) Quasi-r-regularity

Fig. 2. Comparison between (a) r-regular [7] and (b) quasi-r-regular objects
in 2D. While r-regular objects need to match perfectly its opening, quasi-rregular objects are authorized to have a “margin” r0 − r on the boundary and
this allows non-smooth (for instance, non-differentiable, noisy. . . ) boundary.
The object X ⊂ R2 is in black, the ball Br and circle Sr0 are respectively
in red and green, the erosion X Br is in pink, the dilatation (resp. opening)
X ⊕ Br (resp. X ◦ Br ) is in light pink and X Br ⊕ Cr0 is in light green.

X ⊂ R3 can be written using those mathematical morphology
notions as follows:
• X
Br is non-empty and connected,
• X=X
Br ⊕ Br .
Note that the convexity allows us to ignore the conditions on
X. We now extend this r-regularity with some margin along
the boundary of X.
Definition 3: Let X ⊂ R3 be a bounded, convex (and thus
simply connected, i.e. connected with no tunnel and no hole)
object. We say that X is quasi-r-regular with margin r0 − r
(with r0 ≥ r > 0) if
• X
Br is non-empty and connected; and
• X ⊆X
Br ⊕ Sr0 .
Remark 2: This definition does not require specific properties on the boundary of X. In particular, it need not be
differentiable.
The difference between r-regular and quasi-r-regular objects is illustrated in Fig. 2 in two dimensions for simplicity.
It is shown that r-regular objects need to match perfectly its
opening, while quasi-r-regular objects are authorized to have
a “margin” r0 − r around the boundary and this allows nonsmooth boundary, such as polyhedral surfaces.
We are now ready to establish our main result on quasir-regularity, that provides us with sufficient conditions for
connectivity preservation.
√
Proposition 2: If X is quasi-1-regular with margin 2/ 3 −1,
then X = X ∩ Z3 and X = X ∩ Z3 are both connected.
Proof: We first prove the connectivity of X. From
Prop. 1,
√
we have (X ◦ B1 ) ∩ Z3 is connected since 1 > 3/2. Let us
consider the set X \ (X ◦ B1 ). We now prove that any integer
point p ∈ X \ (X ◦ B1 ) is adjacent to a point of (X ◦ B1 ) ∩Z3 .
We have p ∈ X ⊆ X B1 ⊕ S2/√3 . Then, from the very
definition of dilation, there exists b ∈ X B1 such that b is
√
the center of a sphere S2/√3 (b) of radius 2/ 3, and p is a point
of this sphere. In particular, the distance between b and p is
√
2/ 3. As b is a point of X
B1 , it is also the center of a ball
B1 (b) of radius 1 included in X ◦ B1 . From the definition of

Fig. 3. Left: A spherical dome
√ (in blue) lying on the sphere S1 (p), whose
boundary is a circle of radius 6/3. Right: The circle
√ forming this boundary
encompasses an equilateral triangle of edge length 2 (in black). Then, the
spherical dome always contains at least one (and at most 3) point(s) of Z3
adjacent to p.

(a) X

(b) Tpoint (X)

(c) TConv (X)

Fig. 4. A quasi-1-regular, H-convex, digital object X (a) and its digital rigid
motions by Tpoint (b) and (b) and TConv (c).

adjacency, any point q ∈ N (p) \ {p} adjacent to p belongs to
the sphere S1 (p) of radius 1 and center p. Let us consider the
intersection between S1 (p) and B1 (b). It is a spherical dome,
namely a part of the sphere S1 (p) with a circular boundary.
This circular boundary is the intersection of S1 (p) and the
spherical boundary of B1 (b). This intersection is a circle, that
also corresponds to the intersection of S1 (p) and the 2D plane
orthogonal to the line (bp) and intersecting the segment [bp] at
√
an equal distance of 1/ 3 p
from both b and p.√Then, the radius
√
of this circle is equal to 12 − (1/ 3)2 = 6/3. Such circle
√
exactly encompasses an equilateral triangle of edge length 2.
As a consequence, the spherical dome of S1 (p) bounded by
this circle always contains at least one point q ∈ N (p) \ {p};
see Fig. 3. As such point q lies in (X ◦ B1 ) ∩ Z3 , it follows
that X is connected. The connectivity of X follows from the

(a) X1

(b) Tpoint (X1 )

(e) Tpoint (X2 )

(d) X2

(g) X3

(h) Tpoint (X3 )

(c) TConv (X1 )

(f) TConv (X2 )

(i) TConv (X3 )

Fig. 5. Decomposition of non-convex objects into sets of H-convex, quasi-1-regular digital objects (a,d,g), and their rigid motions by Tpoint (b,e,h) and
TConv (c,f,i). Beyond the geometrical alterations, some examples of topological alterations of Tpoint are denoted by green circles.

simple connectivity and convexity of X.

Remark 3: In particular, let us consider a convex polyhedron
√
P of R3 . If P is quasi-1-regular with margin 2/ 3 − 1, then
3
its digitization P ∩ Z is connected.
In this article, we consider the family of X being convex
polyhedra, actually corresponding to the convex hulls of Hconvex digital objects. Then, we have the following result,
that is a direct corollary of Property 1 and Proposition 2.
Corollary 1: Let X ⊂ Z3 be a H-convex digital object.
√
If Conv(X) is quasi-1-regular with margin 2/ 3 − 1, then
TConv (X) is both H-convex and connected.
A digital object X that is H-convex —i.e. such that X =
Conv(X)∩Z3 — is said to be quasi-1-regular if its convex hull
√
Conv(X) is quasi-1-regular with margin 2/ 3 − 1. An example
of quasi-1-regular digital object is given in Fig. 4(a).
The behaviour of TConv compared to Tpoint when applied
on a H-convex object is illustrated in Fig. 4. One can observe
the better preservation of the shape of the transformed object,
and in particular the preservation of H-convexity by TConv .
Figure 5 shows the result of TConv , compared to TP oint , for
non-convex digital objects via a convex decomposition process
of non-convex objects [18]. Another approach can be used to
handle non-convex digital objects, using the hierarchical object
representation, e.g. the notion of concavity tree [19] in 3D.
V. C ONCLUSION
A rigid motion method devoted to 3D digital convex objects
has been proposed which is based on the half-space representation of a H-convex digital object. In order to guarantee the
topological properties associated to H-convexity preservation,
we introduced the notion of quasi-r-regularity for convex
continuous objects, including polyhedra. The proposed method
works with digital objects satisfying the quasi-1-regular condition on their convex hull.
In practice, this property is not always true, thus limiting
the use of our method. A multi-resolution approach would
provide a promising way of tackling this issue. In addition,
it is observed that quasi-1-regularity is sufficient but not
always necessary for H-convexity preservation. One of our
perspectives is to find such sufficient and necessary condition.
Study on non-convex digital objects will be more intensively
investigated as well.
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