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Static Qutput Feedback Controller Design for Takagi-Sugeno
Systems — A Fuzzy Lyapunov LMI Approach

Kevin Guelton, Member, IEEE, Tahar Bouarar and Noureddine Manamanni, Member, IEEE

Abstract—This paper deals with Takagi-Sugeno (T-S)
systems stabilization based on a Static OQutput Feedback
(SOF) non-PDC control law. To investigate SOF
stabilization, the closed loop dynamics is written using a
descriptor redundancy formulation. This approach
allows avoiding appearance of crossing terms between
the controller’s and the T-S system’s matrices. Thus,
based on a Fuzzy Lyapunov candidate Function (FLF), a
LMI based design methodology is provided first without
then with considering a H-infinity criterion to attenuate
external disturbances. Finally, an academic example
illustrates the efficiency of the proposed approach.

I. INTRODUCTION

mong control theory, static output feedback is of some

interests for practical applications [1]. Indeed, a Static
Output Feedback Controller (SOFC) is easy to implement
since they only require available signals from the plant to be
controlled. Moreover, unlike Dynamic Output Feedback
Controllers (DOFC) or Observer Based Controllers (OBC),
SOFC doesn’t need any online differential equation solving
and so reduces the online computational cost for practical
applications [1]. Among nonlinear control theory, Takagi-
Sugeno fuzzy systems [2] have shown their interests since
they allow extending some of the linear control concepts to
the non linear cases [3]. Indeed, a T-S fuzzy model is a
collection of linear time invariant systems blended together
with nonlinear membership functions. Therefore, convenient
control for such systems has been proposed through the
concept of Parallel Distributed Compensation (PDC) [3][4].
Then, PDC controllers design has been studied using a
quadratic Lyapunov functions, see [3][4][5] and references
therein. This approach remains conservative since it needs to
find a common Lyapunov matrix for the whole set of linear
matrix inequalities (LMI) constraints. Thus, many ways
have been proposed to relax these conditions. For instance,
relaxation schemes have been developed based on rewriting
the closed-loop interconnection structure of the considered
control plant [6][7]. Other works have considered piecewise
Lyapunov functions [8] and, more accurately with the fuzzy
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aggregation of T-S models, through a non quadratic / fuzzy
Lyapunov approach [9][10][11][12]. Regarding to output
stabilization of T-S fuzzy models, many works have been
done for OBC design [13][14][15][16][17][18], DOFC
design in both the quadratic and the non quadratic case
[19][20][21][22][23][24]. More recently, SOFC controller
design has been also considered in the quadratic case
[25][26][27] but remains conservative. In [26] and [27], the
results are provided in terms of Bilinear Matrix Inequalities
instead of LMI. In [28], a descriptor redundancy formulation
has been employed to derive new fuzzy Lyapunov LMI
stability conditions for state feedback PDC controllers.
Based on this descriptor approach, LMI based fuzzy
Lyapunov DOFC design has been proposed in [23][24]. In
this study, in aid of the redundancy property, one proposes
non quadratic strict LMI based SOFC design using a fuzzy
Lyapunov approach. The paper is organized as follows.
First, convenient notations and lemma will be described.
Then, in section 3, the problem statement of SOFC for T-S
fuzzy models is proposed. Afterward, fuzzy Lyapunov LMI
based SOFC design is investigated and extended to T-S
fuzzy models subject to external disturbances. Finally, a
design example is proposed to show the efficiency of the
proposed approaches.

II. NOTATIONS AND LEMMA
In the sequel, when there is no ambiguity, the time ¢ ina
time varying variable will be omitted for space convenience.
As usual, in a matrix, (*) indicates a symmetrical transpose

quantity. Let us consider the scalar functions 4 (z), the

matrices ¥, and T, for ie{l,...,r} and je{l,...,/} with

i

appropriate dimensions, we will denote Y, =>4 (z)Y,,

i=1
1 r
T, = Zka (z)hl. (z)]}k . Note that 4 will be identically
k=1 i=1
used as subscript or superscript in order to lighten the
notations. Also for more simplicity, we will use the subscript
h to indicate a matrix depending on inverse summation

structures as Q,, = L, (M, )" . Finally, one denotes :

) o))

X, = = and (X,) = "




Lemma 1 [7]: Consider the proposition: “For all

combinations of i, j=1,2,...,r we have Q, <07

This proposition is equivalent to: “For all combinations of
i,j=L2,.,r, we have Q, <0 and for 1<i#j<r, we
have LQﬁ +l(Qi. +Q .,.) <0”.
r—1 20 /
III. PROBLEM STATEMENT

Let us consider the class of T-S fuzzy systems described
by:

i(1) = Zh (2()[ 4x(t)+ Bu(1)+ Fo(1)]

, M
y(t)= z:l:h (z(¢))[Cx(t)+ Du(t)+Go(1)]

where r represents the number of fuzzy rules. x(r)eR",
u(t)eR" ,  y(t)eR? p(t)eR™

respectively the state, the input, the output and the external

and represent
disturbances vectors. A (z(t)) are positive membership

functions  satisfying the convex sum proprieties

0<h(z(¢))<1 and ihi(z(t)):l. 4,€R™, B eR™,
i=1

C,eR™, D,eR"™, F,eR"™, G,eR" are real matrices.

Let us consider the following non PDC SOFC:

= Snee[Sneom )| 0 e

where L eR™7, W)eR"? are real matrices to be
synthesized.

In [28], LMI based design for state feedback controller
using the descriptor redundancy has been proposed. To take
advantage of a descriptor redundancy formulation in the
case of SOFC design, (1) and (2) can be easily rewritten
with the above defined notations respectively as:

{X(t)=Ahx(t)+Bhu(t)+E,¢7(t) )
0)"(t) = _J’(t)"'Chx(t)+Dh“(t)+Gh¢7(t)

and

0t (1) =—u(e)+ 1, () v(1) O

Note that, here the redundancy consists on introducing
virtual dynamics in the output equations of (3) and in (4).

Then, a descriptor formulation can be obtained considering
the extended state vector f(t)z[xT (1) »' () o (t)]T

and the closed loop dynamics can be expressed as:

Ex(t)=A4,%(t)+ Fp(t) (5)

and

Therefore, (1) is stabilized via the control law (2) if (5) is
stable. Thus, the goal is now to provide LMI stability
conditions allowing to find the matrices L, and W'

ensuring the stability of (5).

Remark 1: Unlike previous studies on static output feedback
[26][27] where the stability conditions are not strictly LMI,
rewriting the closed-loop system (5) by the use of descriptor
redundancy allows to avoid appearance of crossing terms
between the state space matrices and the controller’s ones.
Therefore, the benefit of this descriptor formulation will be
emphasized in the following section since it makes easy the

LMI formulation of non quadratic stability conditions.

IV. SOFC LMI CONDITIONS

The main result is presented in this section. Let us first
focus on the non quadratic stabilization of uncertain T-S

systems (1) but without external disturbances (¢ (1) =0).

Theorem 1: The T-S fuzzy model (1) (with ¢(¢)=0) is
globally asymptotically stable via the non PDC static output
feedback control law (2) if there exist, for i, j =1,...,r, the
matrices W,/ =w/" >0, W/ >0, W/, W/, W,/ and L,
such that the following LMI conditions are satisfied for
i=1,2,..,r,1<i#j<rand k=1,2,...,r—1:

r,<0 (6)
Lr +l(r +I,)<0 (7)
r—1 i 2 ij Ji

W =W =0 (8)



(1.1
R () (*)
won P ) |,
Wy B W] W'Dl +L-W ¥

where I i =

WO = A WA+ B B =S g, (W),
k=1

v =w/"B +CW/ +DW/,

v =W -w!" +DW] +w/" D],

WO = —wy" and where the scalars ¢, are defined as

the lower bound of A, (z) forall k=1,2,...,r.

Proof: Let us consider the non quadratic candidate fuzzy
Lyapunov function given by:

~ o = -1 ~
v(x)=F"E(W,) ©
The closed-loop system (5) is stable if:

-1 .

y(x)=FE(W,) i+ E(W,) $+5E(W,) 5<0 (10)

Classically for descriptor systems, from (10) one needs:

~ (o~ -1 ~\T ~
E(w,) =(w,) E>0 (11)
whow Wy
Let us consider 7, =| W w! w/ |. Multiplying (11),
wl wlowy

left by W,” and right by W,, one has W,"E = EW, >0
which leads to W/'=w/">0, W/ =0 and W/ =0.
Considering (5), (10) is obviously satisfied if:

-1

)71+(Vf/h)4 171,1&+E(Wh) <0

3

g

T
hh

Multiplying left by #,” and right by
W,"E = EW, >0, (12) yields:

(12)

=

W, and since

(13)

It is well-known that 17, (Vf/h) lVf/h = —VI;/h , see e.g. [23].

Thus (13) can be rewritten as:

(14

Extending (14), it yields

ol () ®)
Y P2 (*¥) |<0

hh hh
(3. (3,2) 3,3)
q)hhﬁ thh q)hhﬁ

s)

with @0 = 4 W + WA + BW! + W/ B W,
oy =W By + G W) + D

(Dﬁ,z) — _Wsh _ VVShT + Dthh + WghTDhT ,

(DE;’/;) _ VVghTBhT +1, (Wsh )—1 W! _ W7h ,

@ =W WD+ L - W

and ) =1, (W) Wl (W)L -y -

Let us recall that, due to the nature of the candidate
Lyapunov function (9), W, W/

f ,...,Wg” are slack decision

matrices which are free of choice. At a first glance on (15),
in order to run to LMI conditions, a solution should be to
choose, for instance W,' =W, =W, . Nevertheless, in that
case, the problem remains more restrictive regarding to the
considered class of T-S fuzzy systems since W, e R™",
W e R” and W e R*" . Indeed, with the latter solution,

one has to consider T-S fuzzy systems where the input,
output and the state vector have to be casted into the same
dimension. Therefore, for the sake of generality, the choice
W!>0, W/=0 and W/ =0 appears as a convenient

solution. Thus, (15) becomes:

@ )
W Bl +C W+ D} P (%) |<0
I/VQhTBhT _VV7/1 \P(3,2) 111513};3)

hh

(16)

: (3.2) _ rhT 3T h (33) _ h WT
with V..o =Wy D, +L, —W, and W =Wy =Wy

Let us now focus on the term ®" which contains
hh

W =>"h (z)W'. From the convex property of the
k=1
membership functions %, (z) one has Yk (z)=1, so
k=1

. -l
h,(z)==)h(z). Therefore, in order to reduce the
k=1

number of membership function derivates to be taking into
account, one can write:

r=1

W= (2) (W =)

k=1

amn



Let us consider for k =1,...,r -1, ¢, the lower bounds of
. . r—1
h(z). One can write W/'>> ¢ (W' -w") with
k=1

Wlk -W" 20 for k=1,..,r—1. Thus, after applying lemma
1, (16) holds if the conditions (6), (7) and yield. That ends
the proof. ]

V. H, PERFORMANCES

This section aims at extending the previous results to the
case of T-S fuzzy systems with external disturbances.

Hence, considering (p(t) #0 and using a H_ criterion, The

objective is now to stabilize (1) such that the influence of
the external disturbance (p(t) on the output behavior is

minimized. Let us consider the following H_ criterion [3]:
J?(yr (t)y(t)—/p(pr (l»)(o(t))dtgo (18)

Recall that %(r) = [xT (1) »'(2) o (t)T , thus (18) can

be rewritten as:

(19)

In that case, the stability of the closed loop-system (5) is
guaranteed under the constraint (19) if the LMI conditions
summarized in the following theorem hold.

Theorem 2: The T-S fuzzy model (1) is globally
asymptotically stable via the non PDC static output feedback

control law (2) and guarantees the attenuation level 1 = \/;
if there exist, for 7, j=1,...,r , the matrices W,/ =W/ >0,
w/ >0, w/, Wy, W and L, such that the following
LMI conditions are satisfied for i=1,2,...,r, 1<i= j<r
and k=1,2,...,r—1:

Minimize 7 >0 such that:

®,<0 (20)
1

—0.+—(0.+0.)<0 21
—0,+(0,+0,) @1
Wi =W >0 (22)

0 (%
r, ) ®
where O, = I 0 0 and with the
o W) 0,-1 0
F' G"' 0,0 -nI

matrices L, defined in theorem 1.

Proof: The stability of the closed-loop system (5) is
guarantee, under the constraint (19), if:

v(x)+ 308 -1 p<0 (23)
That is to say if:
7 (ZMTW,”I +W, 74, +EW,1"+QJ)? (24)
+o W5+ W Eg- 29 9 <0
which is obviously satisfied if:
4 W EW+0 (%) |<o 25)

A,W w4
EITVV}, 1 _12[
T

w, 0
Multiplying left by {VIZ; ([)} and right by { Oh I}’ one

has:

W, 4, + A0, + EW, W, W, W0, (%) |<0(26)
E' -2’1

Following the same way as for the proof of theorem 1,
(26) is satisfied if (22) holds as well as:

Ly + W, 00, (*)

. <0 27
A g 27
0 0 0
Note that W,”QW, =|0 W!"W! 0|, using the Schur
0 0 0

complement and lemma 2, (20) and (21) yield. That ends the
proof. m

Remark 2: The LMI conditions proposed in theorems 1 and
2 are depending on the lower bounds of #,(z) for
k=1,...,r—1. Even if it is often pointed out as a criticism to
fuzzy Lyapunov approach since these parameters may be



difficult to choose, a way to obtain these bound has been
proposed in [9] in some special cases. Moreover, let us
recall that this approach remains one of the Ileast
conservative in terms of LMI based design. In [28][29] and
[24], a fuzzy Lyapunov candidate function has been reduced
leading to relaxed quadratic stability. Indeed, some elements
in the Lyapunov matrix can be set common in order to make
the LMI free of membership function’s lower bounds. In the
present study, this remains on setting /#, common matrices

in the previous theorems. Note finally that, obviously, the
‘price’ to pay for more practical applicability is an increase
of the conservatism.

VI. EXAMPLE AND SIMULATION

In this example, both the relaxed quadratic (remark 2) and
the non quadratic (theorem 2) design of a SOFC is
considered for the following T-S fuzzy model:

: (28)

and h (z(t))=cos®(x, (1)) =1-h,(z(1)).

Case 1 (relaxed quadratic result):
In this case, following remark 2, the result is obtained by
considering W, common in theorem 2. Therefore, the fuzzy

Lyapunov function remains quadratic but the knowledge of
the lower bound ¢ of £ (z(t)) is not required. This

provides the SOFC gain matrices given by:

[0.0310 -0.0033 . [1.1163 0.0817

" 1-0.0033 0.0477 |7 ° |0.0812 1.0576 |
1.0004 -0.0002

- , L, =[0.0465 0.0254]
20.0002 1.0003

and L, =[-0.1983 0.1196].

This solution ensures a H  performance given by the

minimal attenuation level 4 =1.182.

Case 2 (non quadratic result):
To improve the conservatism of LMI conditions, non

quadratic results can also be considered (i.e., for i =1,2...,r,
and 2).

Nevertheless, in that case, the lower bound ¢ of /zl(z),

non common W, matrices in theorems 1

which is difficult in practice, is required. For the sake of
generality, one proposes to study the influence of these
bounds on the conservatism of the proposed LMI conditions.
Thus, the attenuation level has been computed from theorem
2 for several values of ¢.

1.2¢ i

1.1 i
< 1 i

0.9+ i

Non quadratic case
0.8+ —— Relaxed quadratic case
0.7 L L I I I |
-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5

4
Fig. 1: Attenuation level A for several values of ¢, .

From Fig. 1, it is shown that, to stabilize (28), the non
quadratic case is of some interest for ¢ = -3 . Therefore, as

example, the following matrices are obtained for ¢ =-1

from theorem 2 with a minimum attenuation level
A=0.7504 :

l{0.0691 -0.0174} Wz{o.ozm 0.0028}
" 1-0.0174 0.0604 |7 ' |0.0028 0.0513]’
. [1.0018 0.00397 . [1.0022 -0.0017
5{0.0025 1.0078}’ ‘ :{0.0007 1.0005}’

L, =[0.0543 0.0513] and L, =[-0.2596 0.0948].

The closed-loop dynamics has been simulated in the non
quadratic cases with the initial values x, (0)=1, x,(0)=1

under the external disturbance ¢(r)=sin(5¢). Fig. 2 shows
respectively the behavior of the state signalsx, (1), x, (1),

the control signal u(r) and the derivative of the

membership function hl(z(t)) Note that, in that case, one

has to assume that the lower bound derivative is always
lower than ¢ =-1. This hypothesis is verified a posteriori
this one has

in simulation since, for

v, min(h (2(t))) ~=0.9911.

example,

VII. CONCLUSION

In this paper, the problem of static output feedback
stabilization Takagi-Sugeno models has been considered. A
non PDC static output feedback control law has been



proposed and its design has been involved through a fuzzy
Lyapunov approach. Thanks to the descriptor redundancy,
strict LMI conditions have been easily obtained. This
approach leads to less conservative result and is valuable for
disturbed T-S fuzzy models using a H criterion. Finally,

an academic example has illustrated the efficiency of the
proposed approach.

1

0.5

X, (0

-0.5
0

1.5 T T T T T T T T T

0.5+ —

%)

-0.5 I I I I I I I I I
0

0.1 T T T T T T T T T

u(t)
o

dh, (tydt

Il Il Il Il Il Il Il
1.5 2 2.5 3 35 4 4.5 5
time(sec)

Fig. 2: Evolution of the states, control signal and
membership function derivative.
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