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LMI BASED H, CONTROLLER DESIGN FOR UNCERTAIN TAKAGI-SUGENO DESCRIPTORS
SUBJECT TO EXTERNAL DISTURBANCES

Tahar Bouarar, Kevin Guelton, Noureddine Manamanni

CReSTIC, URCA, Moulin de la House BP1039, 51687 Reims Cedex 2, France
{tahar.bouarar,kevin.guelton,noureddine.manamanni}@univ-reims.fr

Abstract: This paper deals with the design of an H_ fuzzy controller for uncertain T-S

fuzzy descriptor with external disturbances. The control scheme is based on the modified
PDC control law and an H_ criterion to attenuate external disturbances. Stability

conditions are obtained via a quadratic Lyapunov function and are given in terms of LMI.
To illustrate the efficiency of the proposed approach, a design example is provided with
the simulation of a planar two degrees of freedom robot. Copyright © 2007 IFAC
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1. INTRODUCTION

Many results about stability conditions and robust
stability conditions for classical Takagi-Sugeno (T-S)
fuzzy systems (Takagi and Sugeno, 1985) have
already been obtained in the literature, see e.g.
(Tanaka and Wang, 2001), (Sala, et al., 2005) and
reference therein. On other hand, T-S fuzzy
descriptor systems were first introduced by
(Taniguchi, et al., 1999). These ones depict a wider
class of systems because of the extensive application
in many engineering systems, such as singular
systems (Dai, 1989), joint torques estimation in
human standing (Guelton, et al., 2006) or for the
modelling of a two degrees of freedom pneumatic
robot (Schulte and Guelton, 2006). Since the
introduction of T-S fuzzy descriptor systems by
(Taniguchi, et al., 1999), few works have been
devoted to the study of their stability conditions. For
instance, stability conditions for T-S fuzzy descriptor
with parameters uncertainties has been reported by
(Ma and Sun, 2004)(Yue and Lam, 2004). Moreover,
the design of an H_ controller without uncertainties

was also considered by (Yoneyama and Ichikawa,
1999). Nevertheless, in the above mentioned studies,
the suggested stability conditions have been obtained
for restrictive classes of descriptors systems in order
to obtain LMI or BMI conditions. Indeed, the left

part (EX(Z)=...) was considered as linear time

invariant and wasn’t take into account the uncertain
term. Thus, these are not suitable for a wide class of
engineering systems. For instance, mechanical
systems with time varying inertia (at least two degree
of freedom) can be “naturally” modelled as a

descriptor (with £ (x(t))x(t) =...) (Guelton, et

al., 2006)(Schulte and Guelton, 2006). Moreover,
introducing uncertainties in the left part is also
enlarging the class of complex systems studied. For
instance, dynamical models where inertias are
unknown or difficult to estimate can be considered

((E(x(t))—f—AE(t))fc(t)=...). In this way the

class of fuzzy descriptor systems studied in this paper
is more general than the ones already studied in
literature. The aim of this paper is to propose a
controller design based on an H_ criterion for

uncertain fuzzy descriptor with external disturbances
presented in section 2. Then, stability conditions,
formulated in terms of bilinear matrix inequalities,
are obtained via a quadratic Lyapunov function and a
modified PDC control law. Afterward, in order to be
solved by classical convex optimization algorithms,
an approach is proposed to put these conditions into
LMI added to a relaxation scheme proposed by
(Tuan, et al., 2001). Finally, in section 3, a design
example will illustrate the efficiency of the proposed
approach.



2. LMI STABILITY CONDITIONS
FORMULATION

2.1 Considered class of uncertain and disturbed T-S
descriptors

Takagi and Sugeno have propose an elegant way to
approximate nonlinear affine systems as a collection
of Linear models blended together by nonlinear
functions. In that way, a T-S formulation of uncertain
and disturbed non linear descriptor system can be
described by the following state space equation:

> (=) £, + 8, ()]0
()
[)}+¢(t)

_N [Al.—i-AAl.(t)]x(t)
- Zhi (Z(t)){ +[B,. +AB, (t)]u(
where x(¢)eR" is the state vector, u(¢)eR" is the

i=

control input vector, z(z)eR’ is the premises
vector, ¢(7)eR" denote the unknown disturbances

with a known upper bound ¢, 2||¢(t)||, [ and r

represent respectively the number of the fuzzy rules
at the left and right side of the state representation,

AE, eR"™, A4 eR™,
AB, € R™™ contain all the modelling uncertainties of
Ek E RHXH , Al e RRXR , Bl E RHX’H .

and the state matrices

We suppose that the uncertainties are bounded as
described in (Zhou & Khargonekar 1988) such that

AE, ()= H,A, (t)N, , A, (t)=H,A,(t)N, , and
ABi(t)=Hbl.A (t)N,,, where H,,, H,, H,, N,
N, and N,, are known constant real matrices with
appropriate dimensions, A, (¢), A, (¢) and A, (7)
are unknown matrices functions which are bounded
such that V¢ and the index £ =e,a or b and @ =i

or k, AL, (t)A., (1)<I.

ka( ) and Zh(

and satisfy the
ZVk( )—lanth( )

2.2 Basic stability conditions

) are positive functions

convex sum  propriety

Let us consider the modified PDC control law
(Taniguchi, et al., 1999):

=3 S (20w (2()) Kx(r) 2)

i=l k=1
where K, € R™" are the local feedback gains.

The closed-loop uncertain and disturbed T-S
descriptor can be obtained, combining (2) and (1).
This one is given by:

v () 85, (1))

) (z(0)ve (2(6) Ty (1) + 6(1)
3)

i=1 j=I k=1

with T, =[ 4, +A4,(t)]-[ B +AB (1) ]k, .

Recall that the state representation (3) takes into
account the modelling uncertainties. Since, the

system is subject to external disturbances ¢(t), we
propose to attenuate them using H, performance.

Thus, the problem treated below leads to a complete
robust control approach.
Let us consider the H_ criterion given by :

[¥ (nex(n<n j & (1)p(0)dt @)

where 7, is the final control time, Q is a positive

definite weighting matrix and 7 is the prescribed
attenuation level.
According to this criterion, basic robust stability

conditions for the closed loop system (3) are
summarized in the following theorem.

Theorem 1: The T-S uncertain and disturbed system
(1) is quadratically stable via the modified PDC
control law (2) and the H_ criterion (4) if there exist
matrices Z, =2/ >0, Z,, Z,
n and the gain matrices K, such that the following

, an attenuation level

conditions are satisfied:

Fori,j=1,2,...,r and k=1,2,...,1,
~Z3-23 +2{0Z; (x) (¥) 0
= 0 *
ik Xk ( ) <0 (5)
I 0 -n°1 0
0 I 0 -p%
with  y, =—(E, +AE,)Z,-Z] (E, +AEk)T and
_ Zy+(4+04)Z,... A
Sk = _(B[JFABI_)KJ_,{Zl+(Ek+AE,{)Z3 ;

usual, a star (*) in a symmetric matrix indicates a

transpose quantity.

Proof: In order to clarify the mathematical
expressions, we will use the following notations. Let

us consider the positive scalar functions v, (z(t)) for
1}, h,.(z(t)) for ie{l,2,...,r} and the
1}, Y, for ie{l,2,..,r}
I}. We

ke{1,2,...,
matrices E, for ke{l,2,..,
and T, for ie{l,2,..,r} and ke{l2,..,

()Ec. ¥, = Zh( (1)7,

will denote E, ka(

k=1



!

and T, =3 S, (2(6)) 1, (2(0)) T, -

k=1 i=l
Now, let us consider the extended state vector
x(r)= [xT (1) x' (t)JT , (3) becomes:

E%(1)=(4, - B,K,, )% (e)+ 6 (1) (6)

_ - |1 0 ~ 0 1
with E= , 4, = ,
0 0 A, +Ad, —E —AE,

B = {Bh +0ABJ .
$(1)=[0, ¢T(t)f.

By extension, (4) can be rewritten as:

jiT () O(t)at sn2j¢3T(t)¢3(z)dt @)

with Q:diag[Q O].

Now, consider the following quadratic Lyapunov
function candidate

v(%(r))=x" (¢) ET P(2) (8)

with the following needed symmetric condition to be
considered as a quadratic Lyapunov function
candidate.

ETP=PTE>0 9)

A B nxn
Let P= p , where |, P, B, and P, e R™™".
3 1y

The symmetric condition (9), leads to P, =B’ >0,
P, =0, P, and P, are free matrices. The stability of
the closed-loop model (6) is satisfied under the H_
performance (7) with the attenuation level 7 if:
V(%(r))+x(2)0%(t)-n*4" (t)g()<0 (10)
That is to say if:
X (¢)ETPx(t)+ 5 (¢)ETPx(¢)

+x7 (£) 0% (t)-n"¢" (1) () <0

By substituting (6) into (11), one obtains:

0] 6, P [E00].
bJ{PwﬁhJﬁ “)

with £, =(4,7 R, "B )P+ P (4, - B, )+0

11)

Thus, (12) is equivalent to:

G P, (13)
I

We consider the following change of variables:

» g 0 Z 0
X=P"=\ o a7z 2 (14)
-F'RR" B s Z
After multiplying (13) left and right respectively by
diag [XT I] and diag[X ]] , one obtains:
X (3,7 R,
+( Ay, —BiKy ) X +XTOX <0 (15)
I -l
Then, substituting (14) and the matrices ;Ihv , Z§h ,

I%hv and Q defined bellow into (15), it yields:

~Z3-23 42007, (x) (x) 0

E v v 0 *
" Z ) () <0 (16)
1 0 -n7I
0 I 0 -p’

with  y, =—(E,+AE,))Z,-Z] (E, +AEV)T and
~ Z, +(4,+M4,)Z,
v ~(B, +AB,)K

[1]

wZ +(E, + AEV)ZJ'
which is obviously satisfied if the condition (5)
holds. u

2.3 LMI formulation of stability conditions

The conditions provided by theorem 1 are formulated
in terms of BMI (bilinear matrix inequalities). In
order to be solved by classical convex optimisation
algorithms (Gahinet, et al., 1995), they have to be put
into LMI. Moreover, these conditions are
conservative. In order to relax them, many schemes
can be employed (Tuan, et al., 2001), (Tanaka, et al.,
1998), (Liu and Zhang, 2003). In our case, we choose
to apply the relaxation scheme given in (Tuan, et al.,
2001) since it seems to be the most efficient for most
of the cases.

Lemma 1 (Tuan, et al., 2001): For i,j=12,....r

and k=1,2,...,/ , we have Y <0. These conditions
are equivalent to:

e Fori=1,2,.,r and k=1,2,...,1, Y;; <0

e Fori=12,..,r 1<i# j<rand k=1,2,...,/,

1 1
:Yﬁk +5(Yijk +Y

) <0

In order to put the provided stability conditions into
LMI, we also need the following lemma and
corollary.

Lemma 2 (Zhou and Khargonekar, 1988): For real
matrices X and Y, with appropriate dimensions and
a positive scalar 7 , one has :

XTy+vTx<exTx+c7 'y



Corollary: for real matrices 4, B,W,Y, 4 and a
regular matrix Q>0 with appropriate dimensions
one has:

Yy wh+B"A"
<0
W+ AB 7
Y+B'O'B wT
= <0
w u+A404"
Now, the following theorem summarizes the

sufficient LMI stability conditions. This constitutes
the main contribution of this work.

Theorem 2: The T-S uncertain and disturbed system
(1) is quadratically stable via the modified PDC
control law (2) and the H  criterion (4) if there exist

matrices Z, =27/ >0, Z,, Z,, M, positive
scalars o;', 0,, o3 and o, and an attenuation
level & =7n" such that the following conditions are
satisfied:

e Fori=12,.,r and k=1,2,...,0, ¥;, <0 (17)
e For i=12,.,r, 1<i#j<r and k=12,.,1[,

il}fﬁk%(\yyﬁwﬂkko (18)
with
ik =
2=z () () (6 (¢ (0 0 (9 0
NZ -l 0 0 0 0 0 0 (¥
NM, 0 -/ 0 0 0 0 0 0
NZ 0 0 —-oI 0 0 0 0 0
Z, 0 0 0 Q7 0 0 0 0
r, 0 0 0 0 Y, (¥ 0 0
0 0 0 0 0 NZ -1 0 0
1 0 0 0 0 0 0 -of O
| 0 I 0 0 0 0 0 0 -5l

' and
-EZ,+ o-l_lHekHekT _Z4TE1{T
Ly = Z4T +4Z -BM, +E.Z,

ik

T T T
_ {0-2Ha[Ha[ +oH,H, +0,H,H,

Proof: Let us start from equation (16). With the
bijective change of variables M, =K, Z,, 5=n"
and substituting AE, (1), AA4,(t), AB,(t) by their
bounded quantities as described in (Zhou and

Khargonekar, 1988) (see below equation (1)), (5) can
be rewritten as:

(—Zs —ZsT+ZlTQ21) (*) (x) 0

zjhhv Av 0 (*) <0 (19)
1 0 -o6I O
0 1 0 -0
with
“EZ,~ZTET
A = 4 4y

v

~{HAN,} Z,~Z] {HGAGNB}:J’

Zi + 42, - B M), +EZ; +{H AN, 7,
hhy = >
—{H,A,N, } M, +{H9A6Ne}v Z

and with the notations: for £ =e,a or b and p=nh
or v, {HAN,| = ;ga(z(t))(H;iAfi (t)N.,).

In order to major the uncertain terms A, (¢)

contained in (19), the lemma 2 and the corollary
defined bellow will be used. Then, considering that

A% (1)A, (1) <1, the inequality (19) yields to:

A (5) (x) 0
Z:{ +Ath
Q 0 *
[ _Bthv+EvZ3 " ( ) =0 (20)
/ 0 oI 0
| 0 1 0 _51_
with
~Z,-7,+2/0Z,+0,'M,, {N:Nh}h M,
+0,' 2 NN} 2,402l {NIN} 2z,

o [OlHA ro A oz NN, 2,
"\ vedwa) sonia) -E2 -2

Then, applying successfully the Schur complement
on 4, and Q,, , the conditions of theorem 2 hold.m

3. EXAMPLE AND SIMULATION OF A PLANAR
TWO DEGREES OF FREEDOOM ROBOT

In order to illustrate the efficiency of the proposed
approach, we consider the planar two degrees of
freedom robot presented in Figure 1. The dynamic
equation of this robot is given by:

M (q)§(1)+C(q,4)4(1)+G(q)q (1) =Ru(1)+4()

(21)
where, 6,, 6,, 6"1, 92 denotes respectively the
angular positions and the velocities.
g=[6 6] is the

coordinates, ¢(7) s

angular
vector of generalized

of external

ccos(6, -, )}

the vector

a
disturbances, M (q) :[

ccos(6,-6,) b
is the inertia matrix,
0 0, sin(6, — 6.
Cla.q)=| . 05 =0.) | i e
—cO,sin (6, - 6,)
Coriolis anti-symetric matrix,

dsinc(6,)

()= """,

. is the gravitational
esinc(6,)

1
matrix and R = L) | } is the matrix linking joint

torque to the generalized torque u(7)=[u, u, ]T ,
a=mK’L +m, L} +1,, b=mL +1,,

c=mLL,, d=(my+mK)gL, e=m,gL, and

and with



m =14kg, m,=07kg, L =0.6m, L, =03m,
K=05,g=981ms™>, I, =1, =025kgm’.

Fig.1. Planar two degrees of freedom robot.

Let x= [491 0, 6 QJ be the state vector of the

planar robot. The dynamical model (21) can be
rewritten as a non linear descriptor as:

E(x(t))x(t)=A(x(¢))x(t)+ Bu(t)+ ()  (22)

with E(x(t))= LI) M(g(t))} , B= Lﬂ :
0 1

A0V o0y | 90| oo

Note that (22) contains one non linear term
n,(x)=cos(6,—6,) in E(x(t)) and four ones in
A(x(t)) : 77(4] (x): Sll;el ’ 77(12 (x):SII;_HZ

1 2

1, (x)=6,sin(6,—6,)and 7, (x)=6sin(6-6,).
Using the sector nonlinearity approach (Tanaka &
Wang, 2001), this leads to / =2 and r =16 rules for
the left and the right part of the T-S fuzzy model.
Then, to ensure the stability of the descriptor system,
lr.(r+1)/2=272 LMI conditions have to be
verified. Consequently, this should be conservative
with classical stability conditions for T-S descriptors
(Taniguchi, et al., 1999). In order to reduce the
conservatism, some non linear terms will be put to
uncertainties. Indeed, the motion of the system being
physically restricted, the velocities can be considered

as bounded such that 7, (x(¢))<a and
n.(x(t))<B with a=pB=2xrad-s”". The non

linear descriptor (22) becomes:

E(x(0))5(6) =[ A(x(e))+ M) |x(e) + Bu() + 6 ()

B

(23)
0 0 10
L 0 0 0 1
with A(x): d’?m(x(f)) 0 00 and
0 en,, (x(z)) 0 0
00 0 0
} 00 0 0
M=y o o —en (1) |
0 0 e, () 0

N (x(¢)) and 7,,(x(¢)) being bounded by 1 and

o= min(na1 (x(t))), one can write:

2 (0) - PRENCD

M.a (x(1)) = 1> (x(’))‘/?(l)+ 1-1,,(x(1))

I-p 1-p

W21 Wn

(p) 24)

(p)(25)

Finally, the uncertain and disturbed T-S model of the
planar two degrees of freedom robot is:

2
2o (2(0) Ex(r)=
k=1
4 - - ~
leh, (z(t))[{A‘. +AA(t)}x(t)J+Bu(t)+¢(t)
1 0 0 O 1 0 0 O
. 01 0 0 o1 0 O
with E, = JE, = >
0 0 a c 0 0 a -—c
0 0 ¢ b 0 0 — b
0 01 0 0O 0 1 0
- 0 0 0 1 ~ 0 0 0 1
l_dOOO’Az_dOOO’
0 e 00 0 ep 0 0
0O 01 0 0 0 1 0
- 0O 0 0 1| -~ 0 0 0 1
A3: 7A4: 5
dp 0 0 0 dp 0 0 0
0 e 0 0 0 ep 0 0

To apply the LMI given by the theorem 2, one have

to rewrite the uncertain matrix as
00 O 0
- ) 00 O 0
A(t)=H,A,(t)N, with N, = ,
00 0 —c¢p
0 0 coa 0
00 0 0
00 0 0
H,=1I and Aa(t)= .
00 0 A, (t)
0 0 A, (t) 0

The solutions of the conditions given by theorem 2
are now derived for the planar robot using the
MATLAB LMI Toolbox (Gahinet, et al.,1995). The
theoretical attenuation level is 7 =0.7501 for a
weighting matrix:

0=1.0e-3*[14000;09.8900;009.820;000 16];

The obtained gain matrices are given by:

2403 522 | 1852 3037
33445 45955 33508 5222
1T 523 114 27402 66

3456 4749 3462 5396



a7

T

[ 2403 522 (1852 303
33443 45953 3350.6 5221.7
K, = K,
523 114 402 66
| 3456 4749 | | 3462 5396
(2393 522 7 F1852 3037
33445 4595.5 3350.8 5222
K, = 'K, = ’
523 114 402 66
| 3456 4749 | | 3462 5396
(2393 522 7T F1842 303 T
33443 45953 3350.6 5221.7
K, = 'Ky, =
523 114 402 66
| 3456 4749 | | 3462 5396

The simulation of the non linear system (21)
controlled via the obtained modified PDC control law
was performed with the initial state conditions

x(0)=[z = 0 0] (rad) and the

disturbances vector given by:

external

§(1)=[0 0 20sin(7xt) 25sin(7t)]

Figure 2 illustrates the convergence of the state
vector and the evolution of the control signals. The
stability is achieved in less than 10 Sec. and the
external disturbances are successfully balanced by
the control signal.

4

‘
§z¥
=
0
:

x4(t)

control1
303

control2
3 o 3
}

time (sec)

Fig. 2. Simulation results
CONCLUSION

In this paper, a fuzzy H, controller design for a

general class of uncertain fuzzy descriptor with
external disturbances is proposed. The stability
conditions have been obtained via a quadratic
Lyapunov function and the modified PDC control
law. The LMI formulation has been provided and a
relaxation scheme due to (Tuan, et al., 2001) has
been applied. At last, a practical example has
illustrated the efficiency of the proposed approach.
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