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Abstract

The effective compressive elastic modulus of the cellular rhombic dodecahedron structure, with
mxn cells in the X- and Y- directions in matrix, has been studied. The effective compressive elastic
modulus of the structure without border constraint is a function of m and n; while for the structure
with border constraints in the X- and Y- directions it is found unique that is independent of m and n,
and is a function of the porosity of the structure. In order to study and understand the range of the
effective compressive elastic modulus for the structure without border constraint with explicit
expression of the structure parameters, an analytical model has been developed to evaluate the
lower and upper bounds. The analytical model is also valid for the structure with double border
constraints with a unique modulus. In addition, a finite element method based on beam theory in
neglecting shearing effect has been developed for both cases, under the specific boundary
conditions used in a unit cell, including finite and infinite numbers of cells m or/and n.

As such, the analytical method based on beam theory takes into consideration the finite geometry
dimensions and the fictive infinite geometry dimensions. The later gives the upper bound of the
effective compressive elastic modulus. The modulus of the structure composed of finite numbers of
cells mxn without border constraint is not only a function related to the porosity of the structure, but
the geometrical parameters d and b. An experimental test has been fulfilled and compared to the
theoretical one with reasonable agreement.

1. Introduction

With the continuous and quick growing of industrial demands, the product design diversification
and structural complexity have become a prevailing trend. And the porous structure composed of a
network of interconnected solid struts or flat plates that form the edges and faces of the unit, has
become one of the promising products [1]. It can achieve complex shape changes to satisfy the
product performance requirements. For example, according to different mechanical properties and
shape requirements in multiple directions, the porous structure can be manipulated within the
controllable range to provide resultantly different structural stiffness, shock resistance, and high
energy absorption [2-5].

With the quick development of additive manufacturing technology, the functionally graded porous
structures can be customizable and efficiently manufactured. Moreover, these structures have been
widely used in a variety of fields according to their performance diversity, such as unmanned aerial
vehicle [6], aerospace [7], and biomedical [8-9].

Due to its design characteristics, the functionally graded porous structure is suitable for
topologically optimization method or periodic arrangement [10-11]. The most typical periodic
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structure includes a two-dimensional array of polygons such as the honeycomb structure [12], or a
three-dimensional structure composed of struts [13] or layers [14].

Among the above-mentioned porous structures, the rhombic dodecahedron is often employed for
biomedical application as the substitute for human bones grace to its similarity of porosity and
density with natural human bones. Additionally the low elastic modulus avoids the stress shielding
effect and makes it safer as a substitute for human bones [15]. Meanwhile, titanium alloy, especially
Ti6Al4V alloy, is suitable as an implant material to replace human bones due to its advantages in
excellent mechanical performance, corrosion resistance, and biocompatibility. As the porosity
increases and the elastic modulus decreases, Ti6Al4V functional porous structural material implants
will fasten the rate of tissue generation and integration. Compared to the traditional cast or forged
products, Ti6Al4V biomedical samples prepared by EBM (Electron beam melting) have no
significant differences in various mechanical properties [16-18].

In recent years, plentiful researches have been done to the rhombic dodecahedron porous structures
materials fabricated by additive manufacturing. Generally, it was quite challenging to study and
understand the mechanical properties of three-dimensional rhombohedral dodecahedron porous
materials. The experimental method, FE modeling and analytical models have been used in the
research works.

Cao et al. [19] have proposed a new modified thombohedral dodecahedron porous structure by
redefining the cross section of the original struts with an optimizable shape parameter.

Yang et al. [20] have constructed samples by additive manufacturing with periodical arrangement of
rhombic dodecahedrons in three directions, and have found the increase in the size of the unit cell
leads to a decrease in the printability, Young’s modulus, yield strength, and energy absorption
capability.

Horn et al. [21] have verified that the flexural modulus and ultimate strength were well fitted to the
Gibson-Ashby relation by conducting four-point flexure tests on Ti6Al4V prismatic bars composed
of a rhombic dodecahedron prepared by EBM.

For artificial bone implant, the effective compressive elastic behavior of the structure is a very
important factor. The porous Ti6Al4V alloys is a medical friendly material for the bone implant
applications because its compressive properties can be quantitatively tailored by the porosity in
order to be compatible with trabecular bone both on the quasi-static condition and in the range of
physiological strain rate, as Young’s modulus and the strain rate are found to be related to the
porosity [22]. In the present work, focused attentions have been paid to study the elastic properties
of the rhomboidal dodecahedron structure under compression.

In the application of the rhombic dodecahedron structure in the implant, the numerical modelling of
the structure is too tedious and time consuming due to the complexity of the structure. The
homogenization of the structure under compression enables to obtain an equivalent homogeneous
solid with an effective elastic modulus in the compression direction that will make the numerical
simulations much more efficient.

Babaee et al. [23] have derived analytical relationships for the effective mechanical properties of an
open rhomboidal dodecahedron unit cell and tessellated cellular structure with periodic boundary
conditions by using fundamental concepts of mechanics of materials. In this study, the rhomboidal
dodecahedron structure is supposed to be periodic with infinite geometry dimension, and the
effective elastic modulus has been expressed as a function of the porosity, without taking into
consideration the real dimension of the structure. In fact, the effective elastic modulus may not be a

function purely related to the porosity, but may be related to the dimension of the structure too
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according to different application conditions of the structure. When the structure has no border
constraint, the effective elastic modulus changes gradually from the lower bound to the upper bound
as the number of cells varies from one to infinite. Only in the case with infinite number of cells, the
effective elastic modulus is a function of porosity. And when the structure has border constraint in
the X- and Y- directions in the plane, the effective elastic modulus is a function of porosity, not
regarding the numbers of cells.

In the present study, an analytical modeling and FE method based on the beam theory have been
developed to reveal the compressive effective elastic modulus of the rhomboidal dodecahedron. A
perfect agreement has been achieved between the results of the analytical model and those of FE
method.

2. Methodology

The mechanical properties of the cellular rhombic dodecahedron structure under compression in the
vertical direction will be studied as shown in Fig. 1.A. The structure is based on the rhombic
dodecahedron and supposed to be composed of mxnx!/ identical cellular cells. As shown in Fig. 1.B,
one unit cell of the structure is a cubic space containing an entire rhombic dodecahedron of 24 struts
and 8 struts connected to its neighbor cells in all the three directions. This is different from the
structure whose unit cell volume contains entire rhombic dodecahedrons due to the range choice of
rhombic dodecahedron’s direction. As the number of layers / in the vertical direction does not
influence the effective elastic modulus in this direction, [ is supposed to be 1 without losing the
generality. Therefore the structure with mxn cells will be studied and the number of rows m and the
columns n varies theoretically and mathematically from 1 to infinite. The effective elastic modulus
of the structure in the vertical direction is a function of m and n. One unit cell gives the lower bound
of the effective elastic modulus and a structure with infinite numbers of cells in row (m — ) or/and
in column (n — ) gives the upper bounds for one direction (row or column) or the upper bound for
two directions (row and column).

Two different cases of application conditions of the rhombic dodecahedron structure under
compression will be studied: 1) without border constraint in the the X-direction and the Y-direction;
2) with border constraint in the the X-direction and the Y-direction.

The analytical method and finite element (FE) method both based on beam theory will be used to
predict the effective modulus: each strut is considered as a beam. As the analytical and the FE
methods are based on the same theory, these two methods will give the same results. Therefore the
analytical method is only chosen to calculate the bounds without constraint and the case with border
constraint that doesn’t need much manual calculation. That is, the analytical method will be used to
calculate the lower bound (m=n=1) and upper bound for two directions (m — 0; n — ) of the

effective elastic modulus for case 1) and the bulking elastic strength for case 2); the FE method will
be used to calculate any value of m and n for case 1) due to its calculation capacity that can
establish the graphic of the effective elastic modulus related to m and n. For the upper bound due to
the infinite number of rows or/and columns, special boundary conditions will be applied with the
minimum number of cells in both analytical and the FE methods.

2.1 Geometry of the unit cell
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A) Fabricated structure B) Unit cell C) 1/8 of a unit cell

Fig. 1. Cell of rhombic dodecahedron structure

As shown in Fig. 1.B, a unit cell based on the rhombic dodecahedron is composed of 32 cylinder
struts with the diameter d and length L for each. This cell is framed by a cubic box with the edge
length b.

1/8 of a unit cell in a cubic box is taken for the analysis of the upper and lower bounds of the
effective elastic modulus due to its triple symmetric geometry. The length of the beam L and the
edge length of the box b holds:

NE

=7p
4 (1

As shown in Fig. 1.B and 1.C, the local coordinate system O-xyz shares the same directions of X-,
Y- and Z-axe in the global coordinate system attached at the center of the cubic box point Og. In the
1/8 of the unit cell shown in Fig. 1.C, the coordinates of the nodes in the local coordinate system O-
xyz are as follows:

A(—a,—a,a), B(a,a,a), C(—a,a,—a), D(a,—a,—a) 2)

with a = L//3 .

And for each beam i (i = A, B, C, D), a local coordinate system attached to the origin point O is
established and its directional vectors on the axes are designed as 7, £, and 7, respectively. The

i il

normal vector 7, of the beam’s section is given by:

i, = norm (b—i) 3)
where the normalization function norm() is defined as:

norm (ﬁ) = ﬁ/”ﬁ”

By using Egs. (2) and (3), the normal directions of the beams are numerically expressed as:

L ! ! E
PN S U GO U P GRS ) PR P O 4)
A\/gl B\/gl c\/g_l D\/g_1

Two tangential vectors perpendicular to 7; for beam i (i = A, B, C, D) are chosen as follows:



fil=n0rm((lgﬂii)ﬁi—l€), t, =h Xt,; (5)
The vectors 7,,f,, I,, serve as unit directional vectors in the three dimensions of the local
coordinate system of beam i.

By using Eqgs. (4) and (5), the directional vectors of the beams are numerically determined as:
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It’s worth mentioning that with this choice, the directional vectors 7,,, I, f., and f,, are in the

symmetric plane X=Y which coincides well with the double symmetry and will simplify the
expression of forces and moments both in the global and in the local coordinate system.

2.2 Application conditions of the structure under compression

Two cases of application conditions of the structure under compression exist: the borders of the
structure are under constraint in the X-direction or/and the Y-direction or not. When the borders are
only under constraint in one direction (X- or Y-direction), the effective elastic modulus increases
considerably with respect to that without constraint.

1) Application without border constraint in the plane XOgY

If the structure has no border constraint in the plane XO,Y, all borders are free and the effective
elastic modulus can be calculated related to the number of rows m and that of columns n. The
effective elastic modulus of the structure may be solved by beam theory without considering the
shear efforts by using the FE method as a preference due to its strong calculation capacity. When m
or/and n tend to infinite, the elastic behaviors of the cells become periodic, with non-zero horizontal
displacement in the constrained direction on the borders of each cell, and special boundary
conditions will be applied to the structure by using the minimum number of cells.

Particularly, the analytical method may be also used due to its simplicity in the analysis of the
structure with one single unit cell without constraint in the plane XOgY.

2) Application with border constraint in the plane XOgY

For a structure under compression in the vertical direction, when the borders of the structure are
constrained by two rigid panels, in the X-direction for example (left and right), the structure is
periodic in the X-direction. In this case mxn cells (Fig. 2.A) and mx1 cells (Fig. 2.B) have the same
elastic behavior, therefore one border-constrained structure of mx1 cells can present the border-
constrained structure of mxn cells with any value of n. Different from the periodicity of the
precedent case without constraint, the displacement in the constrained direction on the borders of
each unit cell is zero.

If the structure is constrained in the Y-direction at the same time, 1x1 cell has the same effective
elastic modulus in the vertical direction as that of mxn cells with any value of m and n.



The FE method is a preferential tool to calculate the effective elastic modulus for the structure with
border constraint, but the effective elastic modulus in this case will be calculated by the analytical
method too. Because the analytical method gives an explicit expression that allows a better
understanding of the effective elastic modulus.

A) Structure of mxn cells B) Structure of mx1 cells
Fig. 2. Presentation of structure under compression
2.3 Lower and upper bounds of effective elastic modulus by using analytical method

Due to the triple symmetry of the structure, 1/8 of the unit cell is taken to calculate the lower and
upper bounds of the effective elastic modulus in the Z-direction by using the beam theory in taking
into consideration the tension, bending and torsion but neglecting the shearing effect with proper
boundary conditions. A unit cell under vertical compression with free borders gives the lower
bound of the effective elastic modulus in the Z-direction, in which m=n=1 as shown in Fig. 3.A and
the case m — o and n — o gives the upper bound as shown in Fig. 3.B.

A) Modeling for 1x1 cell B) Modeling for 00X00 cells C) Modeling for border constraint
Fig. 3. Modeling for dodecahedron structure with mxn cells

In both cases with free borders and the case with border constraint, the equilibrium of forces holds:

SF =P +P,+P. +P =0 (7A)

and that of moments at point O holds:

>M,,=M,+My+M_.+M+Lii,x P, + Lii, x Py + Lii. X P, + Lii, X P,, =0 (7B)

1) Modeling for lower bound of effective elastic modulus

1/8 of the unit cell is taken in study and the global displacements ¢, v, w, @ or local displacements
u, v, w, @ are taken as unknown variables. In the global coordinate system, by considering the triple



geometrical symmetry plane and the imposed displacement W in the Z-direction at the points A and
B, the constant displacement boundary conditions hold as shown in Table 1:

pointA | U,=V,=0; W,=W; 6, =6, =6, =0 | point B | W, =W
POth C Uc =W, =0; HCX = HC)' = HCZ =0 POint D | V,=W,=0; HDX = HD,\- = HDZ =0
Table 1. Displacement boundary conditions:

As four beams share the same origin point O and the connection between any two beams are rigid-
rigid, the complementary non-constant displacement boundary conditions are:

8,,(0)=8,,(0)=86,.(0)=4,,(0)
By considering the double symmetry of the unit cell in the plane XO,Y and the equilibrium shown

in Eq. (7A), the forces on the 1/8 of the unit cell are supposed to be as shown in Fig. 3.A. In detail,
as the points A and B are in the symmetric plane X=Y and point B is free in the X-direction and the

Y-direction, P, and P, are supposed to be:

H 0
P,={H |, P,=10 (8A)
-P -P

P. and P, share the same force in the Z-direction because the points C and D are symmetric with
respect to the plane X=Y; And as the points A and C are in the symmetric planes X=0, thus
(I3A + I3C) [ =0, and as the points A and D are in the symmetric planes Y=0, thus (I3A + ISD) 7 =0,

therefore f’c and P, are supposed to be as follows as to satisfy the equilibrium Eq. (7A):

-H 0
P.=10 , P, ={-H (8B)
(P, +P,)/2 (P, +P,)/2

And still by using the triple symmetry, the exterior moments on the boundary nodes are supposed to
be:

MAx MCX _MCy
MA: -M,, ’MB:()’ MC: MCy ’MD: -M., 9)
0 MCZ _MCZ

In Egs. (8A), (8B) and (9) there are in total 7 unknown variables. By using Egs. (4), (8A), (8B) and
(9) in Eq. (7B), Eq. (7B) is simplified as follows:

J6

\/E(MAX+MCX—MC},)+?(PA—PB—2H)L i, =0 (A-1)

The simplified moment equilibrium Eq. (A-1) indicates that the bending moment components (the
sum is zero) are only in the 7,, direction that is perpendicular to the symmetric plane X=Y. Thus Eq.

(A-1) is degraded to be a scalar equation.

For the beams OA and OB, by using the Egs. (4), (8A), M , and M 5 1in Eq. (9), the moments in the

beam’s section at distance s from O can be expressed respectively as:



J6

M, (s)=M,+(L-s)ii,xB, =|N2M,, —?(PA -H)(s-L) |7, (10A)
and
My, (s)=M, +(L-s)ii, xP, = —@PB (s=L), (10B)

Egs. (10A) and (10B) show that in a section of the beams OA and OB, there are only bending
moments in 7,, and 7,, directions, respectively.

For beam OA, the displacement y,, (s) in the 7, direction caused by the moment in the f,,
direction in Eq. (10A) holds:

Ely,, (s)=+2M,, —?(PA -H)(s-L) (11A)

And two successive integrations of the above equation give:

NG

Ely,, (s) :x/EMAxs—?(PA -H)(s-L) +C, (11B)
and
Ely,, (s) :%Mms2 —%(PA -H)(s-L) +C,s+D, (11C)

It is assumed that in the local coordinate system of each beam, the original point O doesn’t move,
that is, the local displacement is O.

For beam OA there is no rotation at point A as shown in Table 1. Therefore the following two
boundary conditions hold:

Yor (0) =y, (L) =0 (B1-1)

By using the above two boundary conditions in Egs. (11B) and (11C), the unknown coefficients C,

and D, can be found and then these two Eqs. are rewritten as follows:

J6

Ely, (s) ZﬁMAX(s—L)—?(PA ~H)(s-L) (11B_1)
Ely,, (s)= %MAXS(S -2L) —1£§(PA - H)[(s -L) + Lﬂ (11C_1)

By using Eq. (11B_1) the rotation vector of beam OA at point O is expressed as:

1
1 NE)

8,.(0) =y, (0)7,, = —MAXL—?(}} -H)L |1-1 (12)

0
And for beam OB, the displacement y,, ( s) in the 7,, direction and the moment in the 7,, direction
given in Eq. (10B) hold:

NG

Elyy, (s) = 5 b (s-L) (13A)



where E is the Yong’s modulus of the beam, I = 6_74TId * is the quadratic moment of the section.

And two successive integrations of the above equation give:

Ely,, (s) :—%PB (s-L) +C, (13B)
and
Ely, () :—QPB(S—LY +Cys+D, (130)

As point B is free, there is only one displacement boundary condition for beam OB:
Yos (0) =0 (B1-2)

By using the above boundary condition in Eq. (13C), the coefficient Dp can be found and the
equation can be then rewritten as follows:

Ely,, (s) = —%PB [(s=L) +2]+Cys (14)
As the rotation of beam OA and OB at the point O is equal due to their rigid-rigid connection, that is
yZ,A (0) ;AQ = yé,B (0) E;gz, and f,, =—1,, as shown in Eq. (6), the following displacement (rotation)
compatibility holds:

Yon (0) + 35 (0) =0 (B1-3)
By substituting Eqs. (11B_1) and (13B_1) into Eq. (B1-3), the following is obtained:

J6

Cy =N2M, L4 (P + B, =H) I (15)

By neglecting the shearing effect of the beams, the global displacement at the points A and B from
point O due to the bending and compression are expressed as follow:

- - L (- -
iy = You (L) + 2 (P B, )y (16A)

. - L /- -
Up = Yog (L)tBl+E_S(PB BiB)”’B (16B)

Substituting Egs. (4), (6), (8A), (11C), (14) and (15) into Egs. (16A) and (16B), these last two Eqgs.
can be rewritten as follows

| 3 1 (-P,-2H)L
i, = —2M, ——(P,~H)L|{-1+———1"0 17A
AEI{6A"18(A )} 3ES (174
- 1
1 1
L3 1 BL
iy =—| M, +—(3P,+2P,-3H)L|{1 {--L=41 17B
i EI{S TS )}_2 3ES |, (7



For beam OA and OB the following displacement compatibility holds:

W, =W, (B1-4)
By using the above equation and the values in Eq. (17A) and (17B), the following is obtained:
9\/§MAX+2(2PA+PB—2H)L—3(PA—PB+2H)é:O (A-2)

By using moment equilibrium for beam OC and the modeling in Fig. 3.A, the moment on the
section is found in three dimensions:

Mo (s) = M +(L=5)iic OF: = Moeyfic + Mogyley + Moc, T (18)
with

Moy ==L (0t -, +h1,):

M, = %H (s—1L) +§(MCX -M, ~2M,.):

Mo =380, 12 (5-2) -2 31,

And by using the same method for beam OD, and keeping the component expressions of M oc (s) ,

the following is obtained:

—

MOD (s) =M, +(L_S) ﬁD DB) = _MOCxlﬁD _MOCyl;Dl +M0Czl;D2 (19)

By using Eq. (16) for beam OC, the displacement Yy, . (s) in the ?c1 direction and the moment in

the 7., direction give:

V2 V6

Elygc (s) :MOCZI :_T(MCX +MC)7)+?(PA +H +PB)(S_L) (20A)

Two successive integrations of the above equation will give:

NG

Ely). (s) = —T(MCX +M,)s +§(PA +H+P)(s-L) +C, (20B)
and
Ely,.(s) = —%(MCX +Mcy)52 +§(PA +H+P,)(s- L)3 +Cp, s+ Dy, (200)

By using the displacement boundary conditions in Table 1, and the assumption that point O is fixed
in the local system, the following boundary conditions hold:

Yoe (0) = yhe (L) =0 (B1-5)

By substituting the above boundary conditions into Egs. (20B) and (20C) respectively, the unknown
coefficients C,, and D, can be found and then these two Egs. become:

10



Ely,. (S) = _%(Mcx +MCy)(S_L) +§(PA +H +PB)(S_L)2 (20B_1)
Ely,.(s)= —g(MCX +Mcy)s(s -2L) +§(PA +H +PB)[(s -L) +L3J (20C_1)

By using Eq. (18), the displacement -z, (S) in the fcz direction and the moment in the ;a

direction give:

NG

~Elz (S) =M ey :?(MCX -M, _ZMCz)+

D

7H(s—L) (21A)

And then two successive integrations of the above equation give:

NG N

_EIZZDC (S) :?(MCX _MC,V _2MCZ)S +TH(S _L)2 +CCz (21B)
and
~Elz,. () =§(MCX -M,, —2MCZ)s2 +%H(s —L)' +C.s+D,. 210)

By using the boundary conditions in Table 1 and the assumption that point O has no displacement
in its local coordinate system, the following two boundary conditions hold:

Zoc (0) =20 (L) =0 (B1-6)

By substituting the above boundary conditions into Eqgs. (21B) and (21C), the unknown coefficients
C., and D, can be found and these two equations become:

NG N

~EIZ). (s) =?(MCX -M, -2M.)(s-L) +-H (s-L) (21B_1)
~Elz, (s) :g(M& -Mg,—2M,,)s(s—2L) +%H[(s—L)3 +L3J 21C_1)

For beam OD, in comparing the moment’s components in Eqgs. (18) and (19), the beams’
displacements in the 7,, and 7,, directions due to the bending moments in the 7,, and 7,,

directions, respectively hold:

Yop (s) = Yoc (S)

{Zou (5) ==zoc (5) (22A)
and

Yoo (s) = Yoc (S)

{le (s) ==2c (5) (22B)

The torsion angle @, at point C from point O due to the torsion moment M ., in Eq. (18) can be

determined as follows:

11



Q,- =M

L L
0Cxl G_IO = (1 + V) MOCxI E =—0co (23)

By using Eq. (19), the torsion angle at point D from point O can be expressed as follows:
Aop = ~Aoc (24)

By using Egs. (4), (6), (20B_1), (21B_1) and (23), the global rotation angle vector at point O of
beam OC can be expressed as:

éoc (0) = _Zloc (O) ?a + yloc (0) ;cz +acon. = eOCx (O) i+ 6’0@ (O) j + 6’0& (0) k (25)
With
L 3
6, (0) = ~(2m, + M -M ) -(1+v) (M, -M, + M) —%(PA +PB)L]
L 3
gocy (0) :ﬁ _(MCx +2MCy +MCz)+(1+V)(MCx _MCy +MCz)_§(PA +2H +%)LJ
_ L 3
‘90& (O) _E (MCX _MCy _ZMCz)_(1+V)(MCx _MCy +MCz)_7HL

With the same method for beam OD and by using Egs. (4), (6), (20B_1), (21B_1), (22B), (23) and
(24), and compared to Eq. (25), the global rotation angle vector at point O of beam OD can be
expressed as:

éoo (O) = ~Zop (O) to+ Yoo (O) tpy + Opoliyy = e (O) i =6 (O) i = (O) k (26)
And beam OC and OD have the same global rotation vector at point O:
8, (0)=6,,(0) (B1-7)

As the points C and D are symmetric with respect to the plane X=Y, by using the above boundary
condition in Egs. (25) and (26) and, the following two conditions hold:

G (0) +8,, (0) =0 (B1-7A)
G (0)=0 (B1-7B)
By using Eq. (25) in Egs. (B1-7A) and (B1-7B) respectively, the following holds:

23(M, +M,,)+(P,+H+F,)L=0 (A-3)
2(M, -M,, —2M ) =2(1+V)(M, M, +M,. ) =3HL =0 (A-4)

By considering the bending, compression but neglecting the shearing effect, and using Egs. (4), (6),
(8B), (21C_1) and (22A), the global displacement of point C from point O is obtained:
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-1
(MCx _MCy _2MCZ)L2 +éHL3J -1 (27)
0

1.3
EI 12

1
P, +H+P P,-2H+P,
+i££(MCx+Mcy)L2+—A BEJ Y L B
)

EI 12 36 ES 6 »

As point C is on the symmetric plane X=0, therefore,

u,=U, (B1-8)
And the imposed displacement in the Z-direction at point A holds:

W, =W,-W, =W (B1-9)

By using the displacement boundary condition Eq. (B1-8) in Eqgs. (17A) and (27), the following is
obtained:

1
63 (M, M., ~M.)+(=P, + P, +6H)L+6(~P, +P, —6H)E =0 (A-5)
By using Egs. (B1-9) in Egs. (17A) and (27), the following is obtained:

I %4

33(2M,, + M, + M)+ (3P, —H + B,)L=3(3P, +2H + PB)LE =185 (A-6)
Another computability condition is:
8, (0)=8,,(0) (B1-10)

In which three dimensions will be satisfied, respectively as follow:

Boc (0) = 651, (0): o, (0) = s, (0): 6. (0) = 6, (0)

It is noted that g, (0) =0, therefore 6, (0) =0, which is already used in Eq. (B1-7B).

As indicated in Eq. (B1-7A) G, (0) +6,, (0) =0, and point A is on the symmetric plane
O (0) +6,, (0) =0, therefore, 8, (0) =8,,, (0) or e, (0) = Oy (0) are linear related. Anyone
of them can be chosen as the boundary condition.

By using the condition 6, (0) =6, (0) in Eq. (B1-10), Eq. (12) and Eq. (25):

)+

(-3M,, +2M + M -M ) +(1+V) (M —M + M, ; (-P,+P,+2H)L=0 (A-7)

Egs. (A-1) to (A-7) form a system of linear equations with the 7 unknown variables Pa, Pg, H, Max,
Mcx, Mcy, and M, thus Pa+Pp is a function of W and it can be found by solving these equations.

And the effective elastic modulus can be obtained as follows:

13



Eeﬁ' _2([;\ +[19)

E EbW
(1440v +2592) 7 +(5844v +6804) @+ (385V +441)

(8640V +15552) ¢’ +(38232v +46008) &7 +(10890v +12582) g+ 496V +567)

3 _ 23 71d>
bZ

with 8= ;
p 187 P

(28)
Bo’

and ¢= [p.

P is the density of the structure. Only when QO is very small, the relative effective elastic modulus

can be approximated as [] p° .

2) Modeling for upper bound of effective elastic modulus

The upper bound of effective elastic modulus in the Z-direction is obtained by imposing m — o
and n — o . The forces, moments and boundary conditions will be imposed in 1/8 cell to replace
m — o and n — o . The boundary conditions with constant displacement in the global coordinate
system are given in Table 2:

point A|lU,=V,=0,w,=W; 6, = HA)_ =6, =0 point B | W,=W; g, = HB), =g, =0
point C | U. =W, =0; 6., =6, =6, =0 point D | V, =W, =0; 6, =6, =6, =0
Table 2 Constant displacement boundary conditions for coxoo cells structure

By considering the double symmetry of the unit cell, and four beams shear point O as origin with
the rigid-rigid connection one another, the complementary boundary conditions with non-constant
displacement are:

Ug= Uy Vp =V

6,1 (0)= 6, (0) = 8, (0) = 6,, (0)

For the forces, because of the double symmetry in the plane OXY and two pairs of parallel mirrors
in the X-direction and the Y-direction respectively, the points A and B have the same solicitation P
in the Z-direction, and the points C and D have the same resultant P in the Z-direction. Therefore,

— —

P, =P,=-Pk, P.=P, = Pk (29)

As there are no forces in the plane xOy, the moment in the Z-direction doesn’t exist at the points A,
B, C and D. Taking into consideration double symmetry in the plane XO.Y, the moments at the
points as shown in Fig. 3.B are supposed as follows:

{2

The force and moment equilibrium Egs. (7A) and (7B) are verified by Egs. (29) and (30).

The moments on the section of beam OA and OB can be found as follow:

M, (s)=M,+ii,(L=s)xP, =M,,i,, (31A)
with M, = —?P(s —L) ++/2M , and

14



M,,(s)=M, +ii, (L-s)xP, =M,,7,, (31B)

Furthermore, the moments on the section of beam OC and OD can be found as follow:

M, (s) =M. +(L~s)ii, OP. =-M,f,, 31C)
and
M,,(s)=M, +(L-s)i, OB, ==M,,1, (31D)

In Egs. (31A) to (31D), the four beams have the same bending deformation determined by M, . By
using (31A) for beam OA, the displacement y,, (s) in the 7, direction and the moment in the 7,,

direction hold:

J6

Ely,, (s) =M, = _TP(S _L) +2m (32A)

And two successive integrations give:

J6

Elyp, (5) ===~ P(s - L) +\2Ms+C,, (32B)
Ely,, (s) = —%P(s —L)3 +%Ms2 + CAyS + DAy (320)

It is supposed in their local coordinate system the beam OA has no displacement at point O and it
has no rotation at point A. The displacement boundary conditions are as follows:

You (0) = v5s (L) =0 (B2-1)

By using the above boundary conditions in Egs. (32B) and (32C), they become:
Ely,, (s) :—%P(S—L)z +V2M (s-L) (33A)

NG NB

Ely, (s) = —EP[(S—LY +L3}+7Ms(s—2L) (33B)

As beam OB has the same moment expression in 7,, as that of beam OA in the 7,, direction, the

following holds:
Vou (8) = You (5) (34A)
and

You () = You (s) (34B)

By neglecting the shear effect of the beams, the global displacement at point A due to the bending
and compression is expressed as:

- — L (- .
Uy = Yoa (L) Lai +E(PA mA)nA (35)

15



By using Egs. (4), (6), (29) and (33B) in Eq. (35), Eq. (35) is expressed numerically:

a_1(x/§ J6

-1
i, -——— ML ——PLSJ

-1
1 -PL 1
1+

| e B

I, (36)

2 18
2

As the rotation angle vector of beam OA and OB at point O is equal due to the rigid-rigid
connection,

Yoa (0) ;AZ = Yos (0) Igs 37)

and as 7,, = —7,, indicated in Eq. (6), and y, (s) = y,, (s) indicated in Eq. (34A), the following

holds by using the above equation:
Yor (0) =0 (522

By using Egs. (33A) and (B2-2), the following equation holds:

6M +~/3PL=0 (B-1)
As beam OC has the same moment expression in —7., as that of beam OA in the 7,, direction, the
following holds:

Yoc () = =You (5) (38)
Therefore, by using Eq. (33B) and (38) the following holds:

Elyy. (s) = =Ely,, (s) =1£§P[(s L) +0 | —%Ms(s -2L) (39)

By neglecting the shear effect, the global displacement of point C due to the bending and
compressing can be expressed by:

_ - Lz ~
Uc = Yoc (L)ta +E_S(PC Eﬂic)”c (40A)

And numerically,

1(\3 1 RN
U, =—|—ML+—PL |{-1 1P 1 (40B)
EI\ 6 18 3ES
The imposed displacement holds:
W, -W. =W, (B2-3)
By using Egs. (36), (40B) and (B2-3), the following is obtained:
633MI> +2PL - 6P% =9EIW (B-2)
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Egs. (B-1) and (B-2) form a system of linear equations with M and P as unknown variables. And the
effective elastic modulus in the Z-direction can be obtained and expressed as a function related to
the density p of the structure by using Egs. (1), (B-1) and (B-2):

Eg" __4 P _ 650

E bEW 1+68p

(41)

3) Modeling for structure with border constraint

For the structure with border constraint, the boundary conditions with constant displacement in the
global coordinate system are in Table 3:

pointA | U, =V, =0, W, =W; 6, =6, =6, =0 | point B | Uy =V, =0:W,=W; 6, =6, =6, =0
point C | U. =V, =W, =0; g, =6, =6, =0 pointD | U, =V, =W, =0; 6, =6, =6, =0

Table 3 Constant displacement boundary conditions for structure with border constraint

As in other cases, the complementary boundary conditions with non-constant displacement are:
8,,(0)=6,,(0)=8,.(0)=6,,(0)

For the forces due to the double symmetry of the unit cell in the plane OXY and two pairs of parallel
rigid panels at the borders in the X-direction and the Y-direction respectively, the points A and B
have the same solicitation P in the Z-direction, and the points C and D have the same resultant P in
the Z-direction. Therefore the force solicitations and reaction are supposed to be as follows in
satisfying Eq. (7A):

H -H H -H
P, =<H }; P,=<-H}, P.={-H|; P, ={H ¢, (42)
-P -P P P

As there are no forces in the plane Oxy, the moment in the Z-direction doesn’t exist at the points A,
B, C and D. Taking into consideration of double symmetry in the plane XOY, the moments at the
points as shown in Fig. 3.C are supposed as follows:

M, = My = M. = My, = (43)
-M M M -M

The moment equilibrium Eq. (7B) is also verified by Eq. (43).

The moments on the section of beam OA and OB can be found as follow:

M, (s)=M,+(L-s)ii,xP, = \/E{M ~(s —L)?(P—H)}AZ (44A)
and

. I . V3 .

M, (s)=M, +ii, (L-s)xP, —\/E{M —(s—L)T(P—JLI)}B2 (44B)

For beam OA, the displacement y,, (s) in the 7,, direction and the moment in the 7,, direction

have:

17



Ely, (s) = —@(P—H)(s—L)+\/§M (45A)

And two successive integrations give:

Bt (3) == (P~ ) - L)+, 4sB)
Eby,,(s)= —%(P -H)(s —L)3 +ng2 +C, s+D,, (45C)

It is supposed in their local coordinate system the beam OA has no displacement at point O and it
has no rotation at point A. The displacement boundary conditions are as follows:

Yor (0) = 5, (0) =35, (L) =0 (B3-1)

By using the above boundary conditions in Egs. (39B) and (39C), the following are obtained:

Ely,, (s) = —%(P—H)(s —L) +V2M (s-L) (46A)
Ely,, () :—%(P—H)[(S—L)S +L3}+ng(s—2L) (46B)
and

6M +3(P-H)L=0 (C-1)

The global displacement of point A shares the same expression in Eq. (35). Thus by using Egs. (4),
(6), (42) and (46B) in Eq. (35), Eq. (35) is expressed numerically as follows:

_1 —_
6 -2 1
The moment in the section of beam OC are found to be:
- - o \/5 R
Moy (s)=M.+(L-s)ii, xB. =2| -M +(P=H)(s~1L) ftc (48)
Ely,.(s)= —%Ms(s—ZL) +§(P—H)[(S—L)3 +L3} (49)

By neglecting the shear effect, the global displacement of point C due to the bending and
compressing can be expressed by:

- —~ L - _
Uc = Yoc (L)ta +E(PC Hic)”c (50)

By using Egs. (4), (6), (42) and (49) in Eq. (50), Eq. (50) is expressed numerically as follows:
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1 -1

ﬁc:L QML2+£(P—H)L3 L -1 —L(P+2H)l 1 (51)
EI| 2 18 Jo|_,| ES 3,

The imposed displacement in the Z-direction holds:

W, -W. =W (B3-2)

And as point C is on the symmetric plane X=0, the following holds:
V. =0 (B3-3)

By using Egs. (B3-2), (47) and (51), the following is obtained:

6v/3M +2(P—H)L—6(P+2H)S—22:9EWé (C-2)

By using Egs. (B3-3) and (51), the following is obtained:

3V3m +(P—H)L+6é(P+2H):0 (C-3)

By using Egs. (C-1), (C-2) and (C-3), the effective elastic modulus in the Z-direction can be
obtained and expressed related to the density L0 of the structure:

EJ" 4P 1
=- =_(1+24 52
. o 9( o) p (52)

2.4 Finite element modeling by using beam theory

The finite element method taking into consideration the tension/compression, bending and torsion
without shearing effect has been used. Therefore the stiffness matrix contains three kinds of
stiffness: tension/compression, bending and torsion. A beam consisting of point i and j has 12
e Hz,uj,vj,wj,ﬁ. ,HA,,HJAZ accordingly in the beam

iy? i JxX7 gy

general displacement variables u,,v,,w,,8

(local) coordinate system.

1) Stiffness matrix of a beam in the local coordinate system [24]
For the uniaxial tension or compression of a beam, by using f = Ku , the unidimensional stiffness is:

ES
K=—"- 53
L 3

For homogenous bending, that is I =1 =1 _=1,/2, by using the bending theory of a beam

element shown in Eqgs. (A1) — (A7) in the annex, the stiffness matrix for bending around the Z-
direction is:

Z, Z, Z, Z, 12 6L -12 6L

7] - Zy Zy Zy Zy|_ %1 6L 4L’ —-6L 2I 5
Zy Zy, Z, Z,| [|-12 -6L 12 -6L
Zy Zyo Zys Zy, 6L 2 -6L 4L
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The bending deformation around the Y-direction is from x to z, the rotation is clockwise. By
considering the rotation direction and by using the expressions in the stiffness matrix [Z], the

stiffness matrix for bending around the Y-direction can be expressed as:

Z, -2, Z, —Z,

[Y] _ -Z,, Z,, —Z, Z, 55)
Z, —~Z, Z, —Z,
-Z, Z, —Z, Z,

For the torsion with M =T@, the unidimensional stiffness is:

T=Gl,/L (56)

The global elemental element displacement-force matrix Eq. is therefore obtained from Eqgs. (53-56)
and has the expression as follows:

K -K T ] [
Z, Zy Zy Zy k Fi
Zy Z, Z, Z, Wi E,
T -T 8, M,
Z, ~Zy Z, ‘9,-y Mi-"
Zy Zy Zy, 8’ _ M.
K R (57A)
Zy Zyy | Vi E,
sym Z, —Zy, w; F,
T 0, M,
Zy 0/\ M,
L Z44_ gjz sz

The items in the cases that are not filled in the above matrix are zero. And the above matrix Eq. can
be simplified as:

(K] {u}, ={1}, (57B)
where [K ] , 1s the global stiffness matrix, {u} ,1s the displacement vector and { f} , 1s the exterior
force vector in the beam’s local coordinate system.

2) Stiffness matrix of beam in the global coordinate system

For any vector the transformation matrix from the local coordinate system to the global one is
composed of the directional vectors are 7, 7, and 7, :

[R]=[7 7 7] (58)

By considering one beam with two nodes, there are 12 degrees of freedom (DOF) considered as 4
vectors, thus the complete transformation matrix [RC] for the 12 DOF is then expressed as:
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(59)

[RC]12x12

o O ©O X
SO O X O
o x © O
o o O

By using the transformation matrix in Eq. (59), as showed in Eq. (A8) in the annex, the global
stiffness matrix is found as follows:

(K], =[R][K] [R] (60)

In the elemental global stiffness matrix, the distribution of zero elements are in the following
positions shown in Fig. 4 that can be served for the sparse matrix of the whole structure:

[# * % (g *= % % % =% () * =x
® ok R k() kK ok ok ok x () %
* ok % ok ok () ok ok x ¥ 0
0 * * ® k() ok ok * ok
® 00 % ok ok ok ok () ok ok x Kk
* 0k () ok ok ok ok ok () Kk % %
* 0k ok k() ok ok ok ok ok () %
# ok ok ok k() ok ok ok k% ()
0 * * x x % () * * ok
£ 00 k ok ok ok ok () ok k% K
® ok () kK ok ok ok k() x % %

Fig. 4 Zero-value element positions in elemental matrix
3) Upper bounds of the effective elastic modulus Eesr of an m X n structure

In order to study the upper bounds of the effective elastic modulus that is a function of m and n for
the m X n structure, without loss of generality, it is supposed that the number of rows m is constant,
and the number of columns n varies from 1 to infinite. And each couple (m, n) gives an effective
elastic modulus. The upper bound of the effective elastic modulus can be given by using the infinite
number of cells (n — ). And for the whole structure without fixing m, the upper bound can be
found by using the infinite number of cells in rows and columns (7 — ©0; n — ©),

Symmetry (mirror) at Xmin Symmetry (mirror) at Xmin
. Mirror at Y

m/2xn/2 cellulars & m/2xn/2 cellulars <

g 5

= E

. = . s

Symmetry (mirror) at Ymin Symmetry (mirror) at Yo

A) Infinite m B) Infinite m and infinite n

Fig. 5. Mirror settings for infinite numbers of cells

In the mxn structure, any two vertical parallel mirrors placed in the X- or the Y-direction will give
an infinite number of cells in the direction that is perpendicular to the parallel mirrors. For example
as shown in Fig. 5.A the symmetric plane (mirror) at Xmin and the mirror at Xmax will give an infinite
number of cells in the X-direction and it doesn’t depend on the values of n. That is, any value of n
will give the same value of the effective elastic modulus. As shown in Fig. 5.B, two pairs of vertical
mirrors in the X- and the Y-directions will give an infinite number of cells in both directions.

4) Boundary conditions for infinite n structure
21



In general, the choice of m or n is fixed is the same methodology. It is supposed that m is constant.
For any constant m of mxn structure, n — o gives the upper bound of effective elastic stiffness. In
finite element method, n — o is ensured by the boundary conditions by using a mirror at X,ax. As
any value of n with the mirror at X,.ax. gives the infinite assumption, n=1 is chosen.

For any point on the symmetrical plane (mirror) at Xmin, the displacement boundary conditions are:

U =0;6,=6,=0 61)

¥4

As all the points on the mirror at Xmax move conjointly in the X-direction, point i is chosen as the
reference point, and the displacement boundary conditions for the points on this mirror are:

U =U,(i#j)6,=6_=0 (62)

where the displacement u; or the reference point is unknown. As the mirror at Xmax 1s not a free

border of the structure, a supplementary force equilibrium boundary condition will be used:
Y F.=0 (63)
where i denotes all the nodes on the mirror at Xmax.

For the boundary conditions for infinite m and infinite n structure, in addition to the boundary
conditions in the X-direction, the boundary conditions in the Y-direction will be adopted by using
the same method.

5) Stiffness matrix, displacement vector and force vector modification

The global stiffness matrix [K ]g is singular. It becomes nonsingular by modifying it according to

the boundary conditions. The global stiffness matrix and the displacement vector in the matrix Eq.
[K ]g {U } ={F } will be modified at the same time. This matrix Eq. is regarded as Nequ normal Egs.

—

where NequXNequ 18 the dimension of the stiffness matrix. Initially, the force vector {F} is set as 0

and the modification is executed in the following order:

a) For a constant displacement boundary condition U, =C

This boundary condition concerns the points on the symmetric plane and the points on at Zmax. The
coefficients in the g™ Eq. are rewritten:

K :{l(q:r) (64A)
qr O(q % r)

For the case C # 0, the following coefficients in the ¢ Eq. are modified:
F, =C (64B)

In order to use the sparse matrix resolution method, more coefficients may be modified. Other
directions denoted as r of the concerned points in which K, # 0 is used and F, is modified as:

F - F-YK.U, (64C)

and then K, is reset as zero.
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K, =0 (64D)

b) For a conjoint movement boundary condition U; =U,

This boundary condition concerns the points on the mirror at xmax. In this case U; —U, is used as

the new unknown variable at the place of U .
In the k™ equation (k # j), originally it is:

> K U,+K.,U +KU,=F, (65)

A%Zi; A% ]

In order to use U; —U, as the new unknown variable the above equation is rewritten as follows:

Z K.U, +(Kki +Kkj)Ui +Kkj (Uj _Ui) =F (66)

A#i: AZ )
For those Egs. in which K, #0, K, is rewritten as:
Kki - Kki +Kkj (67)

and in the j" equation,

1(j=1
Kjl:{ (J ) (63)

1(j#1)
¢) For the supplementary force equilibrium boundary condition

This boundary condition concerns the X-direction of all the points on the mirror at Xmax. In the i
equation, the force equilibrium boundary condition in Eq. (63) is used. The X-direction of a
concerned point is denoted as k, and the Y-direction of the concerned points is denoted as [/, the

coefficients K, are modified as follows:
K, - Y K, (69)
After the resolution of the modified matrix equation, U, is reset as U, at the place of U, —U,.

2.5 Effective elastic modulus under compression with border constraint

As shown in Table 3, the problem of compression with border constraint has only constant
displacement boundary condition. A normal solution of FE will give the effective elastic modulus
under compression. The stiffness matrix is modified by using Egs. (64A) to (64D) with the imposed
constant displacement boundary conditions in order to dispose of its singularity.

3. Results and discussions

The sample of the rhombic dodecahedron structure in study has the following geometrical and
mechanical parameter: b =5 mm; d =0.5 mm; V =0.3. E =110 GPa. The porosity of this structure is
0.89. As the relative effective elastic modulus E.s/E is independent of Young’s modulus, Young’s
modulus E is not necessary to calculate the effective relative modulus. The relative effective elastic
modulus in the Z-direction has been calculated by the FE method using beam theory neglecting
shearing effect due to the capacity and efficiency of FE method. The upper and lower bounds given
by analytical method are the same as those given by the FE method.
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For the give geometrical parameters, the porosity of the structure remains the same independent of
the number of cells. All the results in Fig. 6 are based on the same porosity.

Fig. 6.A, 6.B and 6.C show the individual relative effective elastic modulus E.t/E for the structure
with m=1, m=5 and m=40, and n varies from 1 to 40. For each case, the lower bound of E./E is
given by mx1 structure and the upper bound is given by mxoo structure. All the curves start from the
lower bound and tend to the upper bound. At the beginning, the curves increase rapidly, and then
slows down. At the same time 99% and 98% of the upper bound are designed to indicate the range
of application conditions. From these three Figures, it is observed that not all the values are in the
range 98%-100% of the upper bound, especially for a small value of n, the value is far from the
given range. In another way, the accurate homogenization of the structure is valid only for the
structure with infinite number of cells, therefore it cannot be established based on a single cell. In
practice, as infinite number of cells doesn’t exist, an error range can be designed, such as 98% or
other values according to the application request. And as m increases, the dimension of the structure
increases, more values are out of the range 98%-100% of the upper bound. Therefore, the minimal
value of m and n can be chosen as the reference m and the maximum as n to better predict the
behavior in a designed range.

Relative effective elastic modulus 0.176% Relative effective elastic modulus
0.176% = -] %
g 0-21% 0.206%
/ 0.20%
® 0.172%
-5 —e— Ecffmin —a— Eeff_1x40 53 0,199 ==o— Eeffmin Eeffmax
% —8— Eeffmax =t 09%Eeffmax 5 o 99%Eeffmax === 98%Eeffmax
m 0.168% q =
0166% 98 %Eeffmax 3 0.18% et Beff 5x40
: 0.174%
0.164% 0.17%
0 10 20 30 40 0 10 20 30 40
Number of cells n number of cells n
A) 1x40 B) 5x40
Relative effective elastic modulus Relative effective elastic modulus 0.213%
0.22% 0.214% —
0.212% o cere st et eeeeesses oo
0.21% 0.204%
£ 0.20% —— Eeffmin Eeffmax £0.194% —o— BeffminAll EeffmaxAll
9 9 g —#—Feff 40x40 == Eeff 20x40
5 0.19% zz:iEfgi‘zgx e 98%Eefimax F0.184% ——Eeff_10x40  —w—Eeff _5x40
* - —e— Eeff x40
0.18% 0.176% 0.174% ',o--
0.166%
0.17% 0.164% & s °
0 10 20 30 40 0 10 20 30 40
Number of cells n Number of cells n
C) 40x40 D) mx40

Fig. 6 Relative compressive effective elastic modulus without border constraint

Fig. 6.D shows the relative effective elastic modulus E.g/E for the structure for different constant m
from 1 to 40, and in each case n varies from 1 to 40. The global lower bound is given by 1x1
structure and the upper bound is given by ocoxoo structure. As all the structures with different m and
n have the same porosity, the relative effective elastic modulus E.4/E cannot be expressed as a
function purely related to the porosity, excepting for the global lower and upper bounds. The lower
and upper bounds given by the FE method and analytical method are exactly the same.
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Fig. 7 Relative compressive effective elastic modulus with/without border constraint vs porosity

In Fig. 7, the upper bound of relative compressive effective elastic modulus without border
constraint given by Eq. (41), and the relative compressive effective elastic modulus with border
constraint given by Eq. (52) are presented. It is observed that these two curves tend to 0 when the
porosity tends to 1. In practice, the value with border constraint is much higher than the upper
bound without border constraint.

Compression test
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Fig. 8 Experimental relative compressive effective elastic modulus

Fig. 8.A shows the parameters of experimental structure with 4.75x4.75 cells and height of 28.2mm.
The specimen was manufactured using an Arcam Al EBM system with a fine powder Ti6Al4V
provided by Acram AB(Sweden). The average particle size of the powder was 76 um. The
specimen consists of a rhombic dodecahedral unit cell periodically arranged in three directions
along the spatial coordinate axis and becomes a porous structure material with a cuboid frame. The
relevant geometric parameters are the side length of the unit cell (b), the diameter of the struts (d),
and the outer dimensions of the specimen. Table 4 shows the morphological characteristics and
mechanical properties of the specimen. The compression test was carried out on a WGW-100H
electronic universal testing machine with an initial strain rate of 0.001 mm/s at room temperature.
The stress-strain relationship and elastic modulus were obtained according to the force-
displacement relationship of the compression test.

Fig. 8.B shows the experimental relative compressive effective elastic modulus by the approximate
line that gives the effective elastic modulus Eesr =187.49 MPa. By using the elastic modulus E=110
GPa in Fig. 6.B, the Ecf is found to be 219.2 MPa. Compared to the experimental data, the
analytical value is bigger, and error 16.7% has been found. This may due to the fact that the control
of the strut diameter is very difficult and the toughness may have an influence too.

Specimen Morphological characteristics Mechanical properties of basic material

RD lattice Cuboid dimensions das designed Das designed Elastic modulus [GPa]  Poisson’s ratio

25



structure [mm] [mm] [mm]
24.6X24.6x28.2 0.5 5 110 0.3

Table 4 Morphological characteristics and mechanical properties of Ti-6Al-4V RD-lattice-structure
specimen
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Annex:

For a bending beam deformed around z-direction, the nodal displacements and rotation angles are
used as the unknown variables as shown in Fig. 9.

g
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Fig. 9 beam element

By considering 4 boundary conditions on the two nodes of a beam, the displacement in the Y-
direction for a beam in bending around z-direction is supposed to be a polynomial with 4
coefficients to determine as follows:

v(x)Zax3 +bx* +cex+d (A1)
With small elastic deformation, the rotation angle is supposed as follows:

H(x) = tanH(x) =v'(x) =3ax’ +2bx+c¢ (A2)
With the following boundary conditions:

v(0)=v; v(L)=v;; 6(0)=8; 6(L) =6, (A3)

Using Egs. (A2), (A3) and (A4):
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v(x)=[N, N, N, N,|{4}
with :><u> ={u}T :<vi 6 v, 9j>, and
N, =1-3%"+2%% N, =L(X-2%" +%’)

N,=3%"-2%; N,=L(-X+¥); x =

N~ =

Strain energy of the beam is:

2 2
U:ELa_‘; dx
2 Jol ox

And assuming the strain energy in form of matrix:
1
v =LK

Using Eq. (AS) in Eq. (A6), and comparing to Eq. (A7):
12 6L -12 6L

41> -6L 2I
[K]=2
L 12 -6L
4r?
In which:
L ale, azNj
Kij - K,ii _IO ax2 ax2 dx

The transformation from local coordinate system to global one is:

(K] (}, ={ ), = [RIIKL (R () =[] ([R] {)

=[R][K] [R] {U} ={F} = [K], =[R][K] [R.]
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