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§1
In
tro
d
u
ctio

n
This

paperisconcerned
w
ith
the

im
plem

entation
ofparalleliterativa

m
ethods

forsolving
large

sparse
sym

m
etricpositiva

defínite
lineari^stem

sarising
fivni

finite
difference

m
ethods,

A
x
=
6,on

ah
SIM

D
com

putar,the
CM

-2.
Sped-

fically,we
areinterested

in
theConjúgate

Gradient(CG)method
introduced

by
H
estenes

and
Stiefel[8).

This
m
ethod

is
a
popular

and
effective

linear
system

s
solver,

notably
w
hen

com
binad

w
ith
a
preconditioner;oneattractive

possibility
considerad

by
m
any

authors
([1],[6],{9]and

{13j),ispolynom
ial

preconditioning.
Its
m
ain

advantageisitssuitability
forvectorand/orparallel

com
puters,w

hen
the

m
atrix

by
vectorproductisparallelizable.

W
heneverA

has
a
regularsparsity

structure
(m
ultidiagonal),poljm

om
ialpreconditioning

is
effective

on
parallel

m
achines.

T
he

outline
of
this

paper
is
as
follow

s:
Section

2
describes

the
linear

sys
tem

s
w
e
are

solving,Section
3
presentsthe

m
ain
characteristics

ofthe
CM

-2
com

putar,Section
4
isdevoted

to
polynom

ialpreconditionersand
in
Section5,

w
e
p
resen

t
so
m
e
num

erical
results.

8
3
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§2
D
escription

o
f
m
odel

p
ro
b
lem

s
W
e
considerlinear

system
s
ofequations

thatarise
from

the
approxim

ation
of

the
solution

ofthe
problem

:

—
div(A

V
«)

=
/,

in
Í2
=J0,1

(x
JO,1[,

"
U

=
o-

Thefirstproblem
isthe

Poisson
problem

,A
=
1.

The
second

problem
is

A
=
1000

iní2
=
)5,flx]0,l[,

A
=

1
elsew

here.

Porbothproblem
aw
eusea

standard
five-pointschem

e
on
an
uniform

m
esh

{h=
l/(n

+
1)),and

thusweobtain
alinearsystem

A
x
=
b

(1)
The

matrix
A
isa

sym
m
etric

positiva
definite

m
atrix

oforder
n^,and

isa
pentadiagonalm

atrix
with

a
naturalordering

ofthe
unknowns.

Ifthe
m
atrix

isstored
by
diagonals,then

the
matrix

by
vectorproductcan

be
performed

m
parallel.Tosolve(1)weusethePreconditioned

ConjúgateG
radient(PCG)

m
ethod

ofConcus,Golub
andO'Leary

(4).

§3
T
h
e
C
o
n
n
ectío

n
-M
ach

in
e

TheConnectionM
achineisamassivelyparallellocalmemorySIMD

(SingleIn-
structionstream

M
últipleDatastream)supercom

puter.In
fact,allprocessing

ements(PE3s,singlebitprocessor)canexecuteim
m
ediately

thesam
einstruc-

tionsonlocaldifferentdata.Iftheyneedotherdatafrom
otherPEs,they

use
acommumcation

network
(ahypercubenetwork

linkssetsofprocessors).But
t
esecommunicationsare

notvery
fast.

M
oreovertheCM

-2
being

asyndiro-
noussupercom

puter,the
PEsm

ustexecute
the

sam
einstruction

(on
different

data)ornothing
atthesametime.Then

the
prográmming

issequentialwith
vectorsandsjm

chronousdatatransfersbetween
processors.Thussom

einstruc-
tionsarewellsuitedtotheCM-2;saxpy,multidiagonalmatrix

vectorproduct,
etc.....Thereforewearetrying

tousethesekernelsasfrequently
aspossible

to
optimizo

thecomputing
time.

Then
the

CG
with

Diagonalpreconditioner
seemswell-suited

to
theCM

-2'sardiitecture
opriori,butallthesam

e
wewill

avoid
pointrem

rsionslikeICCG
m
ethods.TheCM

-2consistsatm
ostof65536

PEs(2048W
eitekchips),anditoperatesunderthecontrolofahostcomputer

(aSUN
workstationingeneral),andthepeakM

ñopsratewith
65536processors

is
about30

G
ñops.

A
ctually

alltests
have

been
perform

ed
in
single

precisión
on
8192

PEs
of

the
CM

-2
w
ith
the

CM
-FORTRAN

language,
and

w
ithout

any
C
M
Scientific

S
oftw

are
L
ibrarles. {

P
O
L
Y
N
O
M
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L
P
R
E
C
O
N
D
m
O
N
S
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§4
P
o
ly
n
o
m
ial

preconditioners
T
he
principie

ofpolynom
ialpreconditioningconsistsin

finding
apreconditionier

M
so
th
a
t;

m
-M

Pk{A
)A

w
here

Pk
is
a
polynom

ial,
of
degree

less
or
equalto

k
(we

denote
the

poly-
nom

ials
w
ith

som
e
capitalletterw

hen
th^r

are
applied

to
m
atrices,and

w
ith

the
corresponding

low
er
case

letter
when

they
are

applied
to
scalars).

This
idea

m
ay
seem

,at
the

sam
e
tim
e,naturalandstrange.N

atural,becausefrom
the

C
ayley-H

am
ilton

theorem
,
the

inverse
A~^

can
be
expressed

as
a
poly

nom
ial
in
A
,
but

strange
becauseCG

generates
an
optim

alpolynom
ial(see

[8])and,in
thatrespect,the

CG
polynom

ialafterm
(k-1-1)iterationswith

no
preconditioneris

better
than

the
polynom

ialgeneratedby
m
iterationsw

ith
a

polynom
ialpreconditionerofdegreek.

In
this

section
w
e
review

severalchoices
forPfc.

PkiA
)should

be
in
som

e
sense

an
approxim

ation
ofA

~^.
O
fcoursethere

areseveríü
waysofdoingthis.

Asproved
by
Ashby

etal.in
[2],thereisnosinglebestpolynomial,thechoice

dependson
the

eigenvalue
distribution

ofA,which
isseldom

known
a
prioTÍ

O
neofthe

m
ostim

portantpracticalissuesforusing
pol3niomialprecondi

tioners
is
the

estim
ation

ofsm
allestand

largesteigenvaluesofA
(denoted

a
and

b).
Forthe

m
odel

Poisson
problem

,we
take

itswell-known
eigenvalues

a
=
8sin^(7r/2(n

+
1))and

b=
8sin^(7rn/2(n+

1)),whicharenotinfectthe
optim

um
valúes

(see
[2]
and

[13]).
However,these

eigenvalues
areunknown

in
realistic

applications.
Then

for
solving

the
second

problan
with

the
m
ore

elabórate
polynom

ialpreconditioners,weproposetoscalesjonmetricallyA
to

have
a
unitdiagonal.Instead

ofsolving
(1)wesolve

D
=
A
p
=
D
-ift,

a
n
d

X
=

(2)

W
e
know

thatthe
eigenvaluesofA

areintheset]0,2[,thustosolve(2)we
choose

5=
2.A

fteran
im
portantnum

ericalstudy
onthebehaviourofpolyntv

m
ialpreconditioners

in
relation

to
the

estim
ationofo,w

echooseo
=
0.2510

forthisproblem
.Thisvaluéisnotforthisproblem

theoptim
um
sm
allesteigen

value,
butit

is
sufficiently

representativa
ofthepolynomialpreconditioners

num
erical

effectiveness.

4.1
D
iagonal

preconditioner.
The

sim
plestapproxim

ation
M
ofA

w
e
consideristhe

dií^halm
atrix

M
=
diag(A

).
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4
.2

T
^
u
n
c
a
te
d
N
e
u
m
a
n
n
's
se
rie
s.

T
he

second
approxim

ation,
proposed

by
D
ubois,

G
reenbaum

and
R
odrigue

in
[5],isbasedon

N
eum

ann'sseries.
W
edenoteA

=
D
—
L—

l!^
by
D
=
diag(v4),

w
ith

L
strictly

low
er
triangular.

If/I
is
a
positive

defínite
m
atrix,

then

A
"*

=

M
oreover,ifA

isdiagonally
dom

inantthen
the

spectralradius

and
the

N
eum

ann'sseríesforthe
inverseof/—

L'^)D
~

cxjnverges.
W
edenote

by
N
EU
M
lthe

follow
ing

preconditioner:

M
-^

=
D
-^
+
D
-^(L

+
L
'^)D

-\
and

by
N
EU
M
3:

=
D
-^
+

+
+
D
-^L

+
L'^)D

-H
L
+
L'^)D

-^

Acxording
to
Ashby

[1],NEUM
2
isworse

than
NEUM

l.

4.3
Polynom

ials
m
inim

izing
a
generalization

ofthe
co
n
d
itio

n
n
u
m
b
e
r.

Thepreviouspreconditionerisvery
easy

to
use,astherearenoparam

etersto
estim

ate.
Unfortunately

itmay
yield

a
poorpreconditionerin

relation
to
the

convergence
rate

(see
num

ericalresults).
Therefore

we
have

to
considerm

ore
elabórate

polynom
ial
preconditioners.

In
this

section,
we
are

interested
in

polynom
ialsm

inim
izing

an
upperbound

ofthecondition
num

ber;the
m
inm

ax
polynom

ial.
Let(a,6]beasetcontaining

theeigenvaluesofA,O^
(a,6],and

let

Qk
=
{polynomialsQkofdegree

<
fc(<7fe(A)>OVAe

[a,6],
and<7^(0)=

0}
W
eare

looking
forq

€
Qfc+im

inim
izing;

m
axAe|a,b|g(A)
m
inA€[a,6|g(A)

•

Letfi(X)=
2—
^

^—
bethe

linearmapping
taking

[o,6]into
(—
1,+1].

Then
the

solution
is
given,forexam

ple
by
Johnson,

M
ichelh

and
Paúlin

[9],
a
s
:

Tfe+i(//(A
))

9fc+i(A
)
—
1
—
Tk+i (m

(0))'

P
O
L
Y
N
O
M
IA
L
P
R
E
C
O
N
D
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N
S

8
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Tk
being

the
C
hebyshev

polynom
ialofthefirstkind

oforderk.Then
w
eobtain

Pk
by:

Pk{X
)
=
i
Ti_

A
l,

Tk^,(^{0))J-
N
ow
,to

evalúate
z
=
Pfc(A

)r=
w
antto

conserve
both

the
sparsity

ofA
and

also
the

effective
m
atrix

by
vectorproduct.

M
oreover,the

com
putation

of
O
jshould

stay
sim

ple
and

fast.
Thuswe

usefirst
a
sim
ple

H
órner's

scheine,w
hich

is
given

as
follows:

2fc
=

Q
fcr,

Zi
=

O
íir+

A
zj+
i,

T
hen

z
=
zq
=
Pfc(A

)r.
{

z
=
fc
-l,...

,0

4.4
L
east

squares
polynom

ials.
Asan

alternative
cholee,weconsiderpoljmomialsminimizingsomequadratic

norm
ofthe

residualpolynom
ial[9]
rb(l-A

p(A
))2a;(A

)dA
,

/J
a

where^(A)isaweightfrmction
abletoemphasizetheportionofthespectrum

which
isthe

m
ostim

portant.
In
practice,wetakeaJacobiw

ei^tfiinction:
a;(Q

,;0,A
)
=
(6-A

r(A
-o)^.

W
e
denoteby

5í(A)
the

associated
orthonorm

alpolynomials.Thesolution
of

this
problem

is:
,

fc+
i

Pfc(A)
=
X^6ií¿(A),
j=
o

w
ith

bj
=

sj{0)
a
n
d

_
^j(O)~

^j(^)

Now
wewouldliketocomputepfc(A)=

X
lS

TheSjareorthonor
m
alw

ith
respectto

o;.Then
they

satisfy
athree-term

recursion:

w
ith

«i+i(A)
=
ajKA)sj(A)

-
7j_iSj_i(A),

forj>l.

C
being

a
constant.

Specifically,wehavestudiedtwokindsofJacobipolynomials;theChebyshev
polynom

ials{a=
0
=
~5)»

theLiendrepolynomials{a=
0
=
0).
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§5
N
u
m
erical

resu
lts
o
n
C
M
-2

In
this

section,w
e
give

results
of
num

erical
experim

ents
in
ordcr

to
point

out
som

e
additional

facts
about

polynom
ial

preconditioning
on

m
assively

parallel
com

puters.
T
he
PC
G
algorithm

s
stopped

as
soon

as
tlie

approxim
ate

residual
Tj=

b—
A
xj—

Tj-i—
on-iA

pi-i,satisfíed
((rj||<

e||ro||,w
here

t
=
10~®.

W
e

study
the

num
ber

of
iterations,

the
M
flops

rate
and

the
com

puting
tim

e
as
a

function
ofthe

polynom
ialdegree.

A
tfirst

w
e
test

the
m
odel

Poisson
problem

w
ith

a
5
1
2
X
5
1
2
m
esh

.
T
he
firstresultsconcern

the
num

berofiterationsofthe
PC
G
w
ith

these
pre-

conditioners
(in

fact,
table

1
show

s
the

degree
w
hich

m
inim

izes
the

com
puting

tim
e
for

all
preconditioners).

P
reco

n
d
itio

n
er

O
ptim

al
degree

N
u
m
b
e
r
o
f

ite
ra
tio
n
s

T
o
ta
l

tim
e
(s)

M
flops

D
IA
G

0
1521

7
0
.5

1
2
4
.5

N
E
Ü
M
l

1
7
6
1

5
4
.1

1
1
4
.4

•
N
E
U
M
3

3
5
3
7

5
8
.1

1
1
9
.0

M
IN
M
A
X

1
2

1
0
9

3
6
.8

1
6
4
.4

M
C
A
R
R
E

1
6

1
0
0

4
5
.4

1
7
1
.6

L
E
G

1
0

1
6
3

4
9
.6

1
7
4
.4

T
a
b
le

1
:

C
M
-2
'S
O
P
T
IM
A
L
R
E
SU
L
T
S
O
N
P
R
O
B
L
E
M

1
W
IT
H
A
5
1
2
x
5
1
2
M
E
S
H
.

T
he

convergence
rate

of
the

polynom
ial

preconditioners
is
alw

ays
better

than
those

ofthe
diagonalpreconditioner,

but
does

depend
on
the

cholee
of

the
polynom

ial.
For

exam
ple,

the
decrease

in
the

num
ber

of
iterations

using
truncated

N
eum

ann's
series

is
not

sufficientto
allow

degrees
greater

than
3,

because
ofthe

costofthe
polynom

ial
com

putation.
T
he
three-term

recursion
evaluations

are
very

stable
and

actually
com

petitive.
In
fact,

w
e
can

even
use

m
uch

higherdegrees
(500)w

ith
the

algorithm
sM

INM
AX,M

CARRE
and

LEG.
Ithassom

etim
es
been

claim
ed
thatthe

diagonalpreconditionercan
deliver

the
sm
allestcom

puting
tim
es
on
m
assively

parallel
supercom

puters.
Table

1
provesthat

the
polynom

ial
preconditionersare

better
m
assively

parallel
pre

conditioners
for
thisproblem

;w
ith
the

optim
um

degree
ofM

INM
AX

(12),the
tim
e
required

to
solve

the
problem

w
ith
the

diagonal
preconditioner

has
been

nearly
cutin

half.
Som

e
algorithm

s
have

a
better

M
Flops

rate
than

others,
because

at
each

iteration
they

com
pute

m
ore

operations
w
ithoutcom

m
unication

betw
een

pro-
cessors.

T
he

polynom
ial

preconditioners
are

very
m
assively

parallel,
because

they
have

a
very

high
parallelism

degree,89.5%
w
ith

M
IN
M
A
X
and

its
optim

um
degree

(12),or
98.5%

w
ith
a
higher

degree
(100).
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9

N
ow
.
w
e
are

intercsted
in
solving

an
ill-conditioned

linear
system

;
the

dis
creto

versión
of
the

second
problem

w
ith

a
256

x
256

m
esh.

T
he
eigenvalues

of
the

m
atrix

A
are

not
explicitly

know
n
for

this
problem

,so
w
e
have

sym
m
etri-

cally
scaled

th
e
in
atrix

A
in
order

to
have

a
im
it
diagonal,and

then
w
e
solve

(2)
instead

of
(1).

P
re
c
o
n
d
itio

n
e
r

O
ptim

al
degree

N
u
m
b
er
o
f

ite
ra
tio
n
s

T
o
tal

tim
e
(s)

M
ñops

D
IA
G

0
7
3
6
8

1
2
9
.0

8
2
.3

N
E
U
M
l

1
3
7
9
2

1
0
8
.5

7
1
.0

N
E
U
M
3

3
3
2
3
8

126-3
82.4

M
IN
M
A
X

3
1

2
2
3

5
2
.9

1
4
2
.7

M
C
A
R
R
E

7
0

1
0
8

5
6
.4

,
153.4

N
O
R
M

9
0

8
7

5
6
.6

1
4
7
.4

T
a
b
le

2:

C
M
-2
'S
O
PT
IM
A
L
R
ESU

LTS
O
N
PR
O
B
LEM

2
W
ITH

A
^
6
x
256

M
ESH

.
T
able

2
confirm

s
thatthe

diagonalpreconditionerisno
longerthe

bestm
as

sively
parallel

preconditioner
for

these
kinds

ofproblem
s.
The

CM
-2
achieves

few
er
M
flops

than
for

problem
1,only

because
the

m
esh

issm
aller.

N
everthe-

less,w
e
keep

a
good

degree
ofparallelism

,93%
w
ith

M
CARRE

and
polynom

ial
degree

100.
Finally,

M
IN
M
A
X
,
M
C
A
R
R
E
and

N
O
R
M
are

som
e
ofthe

very
efficientpre

conditioners
on

m
assively

parallelsupercom
puters

likethe
CM

-2.

§6
C
o
n
clu
sio
n
s

W
e
have

review
ed
som

e
techniques

foran
efficientuse

ofPC
G
on
m
assively

par
allelsupercom

puters.
T
he
m
ain

conclusión
ofthispaperisthatthepolynom

ial
preconditioners

associated
w
ith
a
fastm

atrix
by
vectorproductcan

run
m
uch

faster
than

the
sim

pler
butm

oreeasily
parallelizable

diagonalpreconditioner.
Thus,

for
an

efiicient
use

of
PC
G
on

m
assively

parallel
supercom

puters,
w
e
propose

to
use

the
M
INM

AX
or
NORM

preconditioners.
M
INM

AX
gives

the
better

results
of
these

preconditioners,
but

it
needsan

estim
ation

ofthe
m
ínim

um
eigenvalue

a
O,w

hereas
NORM

isindependentoftheeigenvalues.
T
he
problem

s
w
e
propose

m
ay
seem

academ
ic,butthe

m
ethod

can
handle

m
ore

realistic
ones,on

grids
topologically

equivalentto
2D
-rectangulargrids;

and
itcan

aiso
be
used

as
a
linearsystem

solverin
a
fictitiousdom

ainapproach
for

m
ore

general
m
eshes.
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The
aim

ofthis
lectureisto

derive
new

pointwise
errorestim

atesforthefi
niteelem

entm
ethod

on
generalquasi—

uniform
meshesforsecondorderelliptic

boundary
valué

problem
s

in
N

>
2.

In
a

senseto
be

discussed
below,

theseestim
atesrepresentan

im
provem

entonthenow
standard

quasi-optim
al

Loo
estim

ates.In
orderto

fix
the

ideas,herewewilldealwith
globalestim

ates
for

a
m

odelN
eum

ann
problem

w
ith

sm
ooth

solutions.
Localestim

ates,both
interiorand

up
to

the
boundary,which

areapplicabletoavariely
ofproblems

w
ith

both
sm

ooth
and

nonsm
ooth

solutions
can

also
be

derived.
A

sa
conse-

quence
oftheseestim

ates,som
enew

and
usefuiinequalitieswillbegivenwhich

are
in

the
form

oferrorexpansione.
They

arevalid
forlargeclassesoffinite

elem
ents

on
generalquasi—

uniform
m

eshesin
R

^
and

haveapplication
to

both
superconvergence

and
extrapolation.Letusbegin

bygivingabriefdescription
ofsom

e
of

the
m

ain
results.

Letííbe
a

bounded
dom

ain
in

R''̂,N
>2

with
smooth

boundarydSl.Let

A(.,„)=/„(E
^

^c(xH)d.
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